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Abstract

This report presents two illustrative examples to demonstrate the applica-
tion of reliability statistics derived from classical test theory, generalizability
theory, and item response theory, as discussed in the Reliability in Educational
Measurement chapter of the 5th edition of Educational Measurement (Lee &
Harris, 2025). The first example focuses on a single-domain assessment, while
the second involves a composite score derived from a multidomain assessment.
For each example, multiple reliability coefficients, conditional standard errors
of measurement, and classification consistency and accuracy indices are esti-
mated across raw, scale, and proficiency score metrics. Empirical results from
constructed parallel forms serve as benchmarks for evaluating the accuracy of
single-administration estimates.
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1 Introduction

The primary purpose of this report is to present computational examples that
illustrate the theoretical frameworks discussed in the Reliability in Educational
Measurement chapter (hereafter referred to as Reliability) of the 5th edition of
Educational Measurement (Lee & Harris, 2025, pp. 277-381). That chapter
introduces the concepts, quantification, and estimation of reliability statistics
within three major measurement frameworks: classical test theory (CTT), gen-
eralizability theory (GT), and item response theory (IRT). Serving as a com-
panion piece, this report applies the chapter’s formulas to empirical data to
demonstrate how estimates of reliability statistics differ across these three mod-
els.

Two illustrative examples are presented. The first is based on an assessment
targeting a single content domain, while the second involves a multi-domain as-
sessment that yields composite scores. Both examples use data from large-scale,
multiple-choice testing programs. References to formulas used throughout the
report correspond to the equation and page numbers provided in the Reliability
chapter.

To facilitate comparisons of reliability estimates against a replication bench-
mark, each original assessment and its associated examinee responses were split
to create two statistically and content-balanced half forms. These “half forms”
function as pseudo-parallel forms, allowing examinee scores across the two forms
to serve as a basis for evaluating score consistency. Importantly, the variabil-
ity in examinee scores across forms reflects differences in item sampling, as
other typical sources of replication error were held constant. All responses were
obtained during a single testing session, and the division into half forms was
designed to preserve both content coverage and statistical properties, rather
than relying on item position. Consequently, factors such as examinee profi-
ciency, testing occasion, motivation, fatigue, and other contextual influences
remained consistent across the two forms. This approach ensures that the ob-
served score differences primarily reflect form-related variation, rather than ad-
ditional sources of measurement error that would typically arise in operational
replications (e.g., changes in examinee motivation or proficiency between test
administrations).

For each of the two examples, a range of reliability coefficients, conditional
standard errors of measurement (CSEMSs), and classification consistency and ac-
curacy indices are presented. Results are reported across three scoring metrics:
number-correct raw scores, IRT proficiency estimates, and scale scores. These
examples are intended to highlight both the similarities and differences among
various reliability statistics and to emphasize the importance of clearly speci-
fying how each reliability estimate was derived, rather than simply reporting a
single value without context.
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2 Illustrative Examples

2.1 Example One: Single Domain

The original dataset consisted of an 80-item multiple-choice assessment with
two content categories and administered to several thousand examinees. Two
40-item forms, Form A and Form B, were constructed by dividing the original
80 items into statistically and content-balanced halves. Disattenuated correla-
tions across the two content areas for Form A and Form B were .996 and .992,
respectively, supporting the single domain premise. Table 1 presents the aver-
age biserial correlations and p-values for both forms, calculated using the full
examinee sample. The observed differences fall well within the expected range
for alternate forms of a 40-item test. A random sample of 3,000 examinees was
drawn from the entire pool of examinees and used to compute the reliability
statistics reported in the subsequent tables and figures.

Table 1: P-values and Biserial Correlations for Single Domain Example

Form Biserial  P-value

Form A 444 .568
Form B 432 .545

The item responses from the sample of 3,000 examinees were also used to es-
timate two-parameter logistic (2PL) item parameters for all items in both forms.
Item calibrations were conducted separately for each form using flexMIRT (Houts
& Cai, 2016). Because the same group of examinees was used for both calibra-
tions, the resulting item parameter estimates were on a common theta scale,
eliminating the need for a separate scale transformation. Using the calibrated
2PL item parameters, maximum likelihood (ML) and expected a posteriori
(EAP) theta estimates were obtained for each examinee.

To equate Form B to Form A, a single-group design was employed. Equiper-
centile equating with postsmoothing was conducted using RAGE-RGEQUATE
(Zeng, Kolen, Hanson, Cui, & Chien, 2005), with a smoothing parameter of
S =.05. This process yielded non-integer raw scores on Form A corresponding
to integer raw scores on Form B. The resulting non-integer scores were then
rounded and truncated to produce equated, rounded raw scores.

In addition, a score scale ranging from 100 to 130 was developed for Form
A. The raw-to-scale score conversion was established by first generating the
relative frequency distribution of raw scores, which was then smoothed using
the polynomial loglinear method. Percentile ranks were computed from the
smoothed distribution, and corresponding z-scores were determined for each
integer raw score. These z-scores were subsequently transformed to have a
mean of 118 and a standard deviation of 4. The resulting values were then
rounded and truncated to produce the final scale scores. Scale scores for Form
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B were obtained by equating Form B to Form A. For both Form A and Form
B, scale scores based on ML and EAP theta estimates were derived using the
test characteristic curve method in conjunction with the Form A raw-to-scale
score conversion.

To evaluate the classification consistency and accuracy indices, cut scores
were established. For Form A, the cut score was set at a scale score of 120,
corresponding to a passing rate of approximately 30%. The associated cut
scores on the number-correct and ML/EAP theta metrics were determined by
back-mapping from the scale score using the previously established raw-to-scale
score and raw-to-theta relationships. This resulted in a cut score of 29 on the
raw score metric and 0.375 on the theta metric. For Form B, the cut score
on the number-correct metric was obtained through the equipercentile equating
process and was determined to be 27. The cut scores on the theta and scale
score metrics for Form B remained identical to those for Form A, as both metrics
were on a common scale across forms, in contrast to the raw score metric, which

differed by form.

2.1.1 Reliability Coefficients

Table 2 presents reliability coefficients for the single-domain example across all
three score metrics. For each metric, scores from the 3,000 examinees on Form
A and Form B were correlated, with these values reported in the final column
labeled “Replication.” Although based on only two forms, these correlations
align with the conceptualization of reliability as the consistency of examinee
scores across replications. While not a formal criterion, they serve as a useful
benchmark for interpreting the other reliability coefficients.

Detailed explanations of these reliability coefficients are provided in the sec-
tions titled “Reliability in CTT,” “Reliability in GT,” and “Reliability in IRT”
within the Reliability chapter. The corresponding symbols and references for
the formulas used in this analysis are listed in Table 3, with citations to the
relevant equations or page numbers from the chapter.

Across all score metrics and reliability coefficients, the values obtained for
Form A and Form B are highly similar and generally align closely with the
replication correlation. For the raw score metric, the values of coefficient alpha
and the generalizability coefficient based on the p x i design are identical. This
result is expected and highlights the fact that coefficient alpha can be derived
under either the assumption of essentially tau-equivalent forms or randomly
parallel forms.

Feldt’s coefficient is based on the classical congeneric model, while the uni-
dimensional IRT (UIRT) method assumes strictly parallel forms. As discussed
in the CTT section of the Reliability chapter, Feldt’s coefficient is always larger
than coefficient alpha; in this example, however, the difference is minimal. The
UIRT method yields slightly higher reliability coefficients than the others. This
is expected, as the score variability under the assumption of strictly paral-
lel forms is typically smaller than under less restrictive parallel-form assump-
tions. Overall, the single-administration reliability estimates for both forms,
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Table 2: Reliability Coefficients for Single Domain Example

Score Types

Reliability Coefficients Form A Form B Replication
Raw Scores
Coefficient alpha .874 .870
Feldt’s coefficient .875 871 874
GT pxi .874 .870 ’
UIRT .879 877
UIRT Proficiency Estimates
ML .799/.881/.870 .776/.884/.870 .857
EAP .876/.874 .875/.873 .879
Rounded Scale Scores
UIRT .864 .867 .859
ML - Polynomial method .875/.885/.884 .891/.881/.882 .872
EAP — Polynomial method .876/.885/.884/.886 .842/.884/.879/.884 .879

Table 3: Reliability Coefficients for Single Domain Example: Equations and
Page References from the Reliability Chapter

Score Types Equation/Page No.

Reliability Coefficients Symbol (Reliability Chapter)
Raw Scores
Coefficient alpha +R(X) Eq. 12
Feldt’s coefficient R(X) Eq. 14
GT pxi &p? Eq. 25
UIRT Proficiency Estimates
ML R(O)vr/R(O)evr/R(O)mvr p. 311
EAP R(0)vr/R(0)ink p. 316
Rounded Scale Scores
UIRT R(S)rT Eq. 58
ML — Polynomial method  R(S;)vr/R(Sj)evr/R(Sz)MmvRr p. 323
EAP - Polynomial method R(S3)vr/R(Sz)InF Eq. 70 / p. 323
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computed under four different parallel-form assumptions, closely approximated
the replication-based reliability for raw scores.

While the four raw score methods can be directly compared to one another,
comparisons between methods using theta and scale score metrics should not
be made within a single metric. The two theta-based methods differ in how
item responses are scored (i.e., ML versus EAP), but both rely on the same
theta-to-scale score conversion.

Three reliability estimates are reported for the ML scores, and two for the
EAP scores. These values differ because they are derived using different reliabil-
ity formulas. Specifically, ML-based results were calculated using the coefficients
R(é)\/m R(0)gvr, and R(é)MVR7 while the EAP-based results were computed
using R(0)yr and R(0)nr. The relatively large discrepancies among the ML-
based coefficients—particularly between R(g)VR and the other two—suggest
that the contribution of estimation bias is not negligible. As discussed in the
Reliability chapter, R(é)EVR is recommended for practical use. It is impor-
tant to recall that all three ML-based coefficients assume strictly parallel forms.
The replication result, a correlation of .857, was derived using two forms with
different sets of item parameters—that is, the forms were not strictly paral-
lel—resulting in a lower value than the R(6)gyr estimates. This highlights
that R(é)EVR can overestimate reliability when conceptual replications involve
using different sets of items, which is one of the most prominent sources of
measurement error. Notably, the replication correlation is not equivalent to
R(0)pr = p(0,0), as the latter still assumes identical item parameters across
forms. ~ ~

In contrast, for the EAP estimator, both R(6)ygr and R(#)nF are very sim-
ilar to each other and closely align with the replication result. The information-
based estimate R(9~)1NF approximated the conventional Bayesian result remark-
ably well.

For rounded scale scores, results based on the unidimensional IRT (UIRT)
method were obtained using the reliability coefficient R(S)irr, derived from
the raw-to-rounded scale score conversion table for each form. The scale score
results for the ML and EAP estimators followed the procedures described in the
“Scale Scores Transformed From Proficiency Estimates” section of the Reliability
chapter.

To produce a continuous, differentiable transformation function for the ML
estimator, polynomial models were fitted to the theta-to-rounded scale score
conversion tables. Polynomial degrees of 4 and 7 were used for Form A and Form
B, respectively. The fitted polynomial functions were then applied to each of the
41 quadrature points from a standard normal distribution to generate “true”
unrounded scale scores, which were aggregated over the normal density to obtain
the true score variance on the scale score metric.The error variance for scale
scores was computed by averaging the squared scale score CSEMs, calculated
using the first derivative of the polynomial function and the squared CSEMs
for 0 at each quadrature point. Observed scale score variance was estimated by
transforming each examinee’s ML estimate using the fitted polynomial function
and rounding the resulting scale score. The reliability coefficients R(S5)vr,
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R(S3)Evr, and R(Sz)mvr (scale score analogues of R(@)VR7 R(@)EVR, and
R(é)MVR) are reported in the table.

A similar approach was used for the EAP estimates. Polynomial functions
with degrees 4 and 7 for Forms A and B, respectively, were fitted to the theta-to-
rounded scale score conversion. The scale score error variance was computed by
averaging each examinee’s squared scale score CSEMs, derived using the CSEMs
for f and the first derivative of the fitted polynomial. The true and observed
score variances were computed following the same procedures used for the ML
estimator. Results are reported for three variants of the R(S;)vr coefficient, as
defined in Equation 70 of the Reliability chapter, along with the information-
based coefficient R(S;)inr. Unlike the results for 0, the combination of polyno-
mial approximation and rounding introduced meaningful differences across the
three variants of R(S;)vr-

2.1.2 Conditional Standard Error of Measurement

Various estimators of CSEMs are discussed in the section titled “Estimators of
CSEMSs” in the Reliability chapter. References to the corresponding equation
and page numbers are provided throughout the main text of this report.

To avoid redundancy, results for CSEMs are presented for Form A only.
Figure 1 displays CSEM plots for several raw score methods, including: Lord’s
method (Equation 78); Keats’ correction (p. 327); the GT approach with abso-
lute error variance (Equation 82); the GT approach with relative error variance
(Equation 83); the UIRT approach (square root of Equation 52); and empirical
estimates (Equation 71).

The GT-based estimates are expressed on the total score scale, obtained by
multiplying the mean-score CSEMs from Equations 82 and 83 by the number
of items. For the UIRT approach, the version based on a quadrature standard
normal distribution—referred to as the D-method (p. 346)—was used.

As shown in the figure, the empirical CSEM estimates derived from Forms A
and B tend to exhibit a bumpy pattern, though their overall shape is similar
to that of the other methods, generally forming an inverted-U curve. Lord’s
method, which involves absolute error, tends to yield larger CSEMs compared
to the GT approach using relative error, whose results are closely aligned with
those obtained using Keats’ correction. The UIRT method, which assumes
strictly parallel forms, produces the smallest CSEM values across much of the
score scale.

Figure 2 presents the estimated CSEMs for rounded scale scores. The esti-
mation methods include the binomial procedure (Equation 93), the polynomial
procedure (Equation 87) with degree 3, and the UIRT approach (square root
of Equation 57). Across all three methods, the resulting CSEM curves exhibit
an elongated “M” shape, with the UIRT method generally producing smaller
error estimates than the other two. These patterns reflect a combination of the
underlying raw score CSEMs and the rate of change (i.e., slope) in the raw-to-
rounded scale score conversion function (not shown here). Among these two
factors, the slope pattern typically has the greater influence on the resulting
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scale score CSEMs. It is important to note that the horizontal axis in Figure 2
represents different metrics across methods: for the UIRT procedure, it reflects
“true” (i.e., expected) scale scores, while for the binomial and polynomial meth-
ods, it reflects observed scale scores.

4.0

35

. ‘ P S i

2.5

2.0

CSEMs

Lord / GT absolute
- = =UIRT
il Keats' Correction

15

1.0

=+ = Empirical

0.5 —— GT relative

00 £
0 5 10 15 20 25 30 35 40
Raw Score

Figure 1: CSEMs for number-correct raw scores.

Figure 3 displays the CSEMs for the ML and EAP estimates. For the ML

estimator, the CSEMs were computed using the estimator \/1/1(6,8) (p. 329).
For the EAP estimator, CSEMs were obtained using the square roots of Equa-
tions 44 and 48, representing the conventional and information-based approaches,
respectively. Results for both ML and EAP estimates exhibit the expected U-
shaped pattern, with larger errors at the lower and upper ends of the proficiency
scale.

For the ML and information-based EAP estimates, CSEMs were computed
at 41 quadrature points ranging from -5 to 5. In contrast, the conventional
EAP CSEMs were estimated individually for each of the 3,000 examinees, whose
EAP scores fell within a narrower, data-driven range—roughly within +3. As
expected, the ML estimator yields consistently larger CSEMs across the theta
continuum compared to the EAP estimator. Additionally, the two EAP-based
CSEM estimates are nearly indistinguishable from one another.

Figure 4 presents the CSEMs for scale scores derived from ML and EAP
proficiency estimates. A degree-4 polynomial model was fitted to the theta-to-
rounded scale score conversion for both estimators. The resulting CSEMs show
close agreement in the center of the scale score distribution but diverge toward
the tails. The overall pattern of scale score CSEMs reflects the slope of the
transformation function used to convert theta to scale scores.
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Figure 2: CSEMs for scale scores.
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Figure 3: CSEMSs for ML and EAP estimates.
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Figure 4: CSEMs for scale scores using polynomial method.

2.1.3 Classification Consistency and Accuracy Indices

The procedures outlined in the “Reliability of Classification Category Scores”
section of the Reliability chapter were used to obtain the classification consis-
tency and accuracy indices reported in this study. Table 4 presents estimates of
the marginal agreement index ¢ for each of the two forms, along with replication-
based estimates for comparison. The replication values were derived from 2 x 2
contingency tables, with the sum of the diagonal cells—representing consistent
classifications (i.e., examinees classified as either above or below the cut score
on both forms)—reported in the table.

The binary classification cut scores were 29 for Form A and 27 for Form B
on the raw score metric, based on the equating results. These raw cut scores
corresponded to a scale score of 120 for both forms, which served as the cut score
on the scale score metric. The corresponding cut score on the theta metric
was 0.375. For methods requiring a reliability estimate, such as the normal
approximation and Livingston—Lewis methods, coefficient alpha was used in
this example (.874 for Form A and .870 for Form B), although other reliability
coefficients based on absolute error variance could also be used.

As shown in the table, all methods produced different but generally compa-
rable results across scoring metrics. The two-parameter beta-binomial model
yielded slightly lower agreement values than the other methods, possibly sug-
gesting some degree of model misfit. Notably, all single-administration estimates
were smaller than the replication-based values.

Table 5 summarizes the results for the classification accuracy index -y, based
on the same set of procedures used to estimate classification consistency. Replication-
based values are not reported in this table, as classification accuracy relies on
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Table 4: Classification Consistency for Single Domain Example

Score Types and Procedures Form A Form B  Replication

Raw Scores
(Cut = 29 for Form A and 27 for Form B)

Two-parameter beta binomial model .845 .837
Four-parameter beta binomial model .853 .853 870
UIRT .857 .859 '
Normal approximation .865 .854

ML FEstimates
(Cut = .375 for both forms)

Rudner’s Method .864 .864 .880

Rounded Scale Scores
(Cut = 120 for both forms)

Livingston—Lewis Procedure

(with two-parameter beta binomial model) 854 B4T
Livingston—Lewis Procedure 365 856

(with four-parameter beta binomial model) ’ ' .869
UIRT .857 .859
Normal approximation .859 .856

the joint distribution of observed and true scores, or equivalently, a contingency
table comparing observed and true classifications, which cannot be directly ob-
tained from two operational replications.

Overall, the results in Table 5 are highly consistent across estimation meth-
ods and score types. As expected, the accuracy indices reported in Table 5 are
generally higher than the consistency indices presented in Table 4.

2.2 Example Two: Composite Score

The original dataset for the composite score example consisted of multiple-
choice items spanning three content domains. The items were split to create
two parallel forms, Form A and Form B. A small number of items were removed
to ensure that both forms contained an equal number of items in each domain
and were comparable in terms of both statistical and content specifications.
Each form included 13 items in Subcontent 1, 12 items in Subcontent 2, and 6
items in Subcontent 3.

Table 6 presents the average biserial correlations and p-values for the two
forms, based on the full sample of examinees. As shown, the differences fall well
within the range typically expected for alternate forms of a 31-item assessment.

10
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Table 5: Classification Accuracy for Single Domain Example

Score Types and Procedures Form A  Form B

Raw Scores
(Cut = 29 for Form A and 27 for Form B)

Two-parameter beta binomial model .887 .881
Four-parameter beta binomial model .893 .894
UIRT .899 .898

Normal approximation .904 .896

ML Estimates
(Cut = .375 for both forms)

Rudner’s Method .905 .905

Rounded Scale Scores
(Cut = 120 for both forms)

Livingston—Lewis Procedure

(with two-parameter beta binomial model) 895 889
Livingston—Lewis Procedure 903 396

(with four-parameter beta binomial model) ' '
UIRT .885 .898
Normal approximation .899 .898

A random sample of 3,000 examinees was drawn from the full examinee pool,
and this subsample was used to compute the statistics reported in the following
tables and figures. The composite total raw score was defined as the simple sum
of the number-correct scores across the three subcontent domains.

The item responses from these 3,000 examinees were also used to estimate
item parameters using three different IRT models: SS-MIRT (simple-structure
multidimensional IRT), BF-MIRT (bifactor multidimensional IRT), and UIRT
2PL. Item calibrations were conducted separately for each form using flexMIRT
(Houts & Cai, 2016). Because the same group of examinees was used for both
calibrations, the resulting item parameter estimates were on the same profi-
ciency scale and did not require additional transformation.

Table 7 presents the correlations among the three content areas for Forms A
and B. The values above the diagonal are disattenuated correlations, while the
values in parentheses represent the estimated latent trait correlations from the
SS-MIRT model as obtained from fletMIRT. The fact that these correlations are
substantially less than one provides empirical support for the multidimensional
structure of the data.

In this example, the BF-MIRT model includes four factors—one general
(overall) factor and three content-specific factors—while the SS-MIRT model

11
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Table 6: P-values and Biserial Correlations for Composite Score Example

Content Domains

Subcontent 1  Subcontent 2  Subcontent 3

Biserial
Form A .406 .403 433 .357
Form B .399 .383 .446 341
P-value
Form A .660 .662 728 .519
Form B .662 .647 737 .543

specifies three correlated content domain factors. In contrast, the UIRT model
assumes a unidimensional structure, treating the data as if they arise from a
single underlying trait without accounting for domain stratification.

Table 7: Observed and Disattenuated Correlations Composite Score Example

Form Content Domains

Subcontent 1  Subcontent 2  Subcontent 3

Subcontent 1 1 .955 (.907) 705 (.699)
Form A Subcontent 2 .536 1 .513 (.489)
Subcontent 3 .325 .255 1
Subcontent 1 Subcontent 2 Subcontent 3
Subcontent 1 1 1(.972) .749 (.560)
Form B Subcontent 2 .557 1 .516 (.480)
Subcontent 3 .309 .242 1

Note. Observed correlations are shown below the diagonal; classical
disattenuated correlations appear above the diagonal; and IRT-based
latent trait correlations from the SS-MIRT model are shown in paren-
theses above the diagonal.

To equate Form B to Form A, a single-group design was employed. Postsmooth-
ing equipercentile equating was conducted using RAGE-RGEQUATE (Zeng et
al., 2005), with a smoothing parameter of S = .05. This procedure yielded inte-
ger raw scores on Form B corresponding to non-integer raw scores on Form A.
The resulting non-integer scores were then rounded and truncated to produce
equated composite raw scores.

In addition, a scale score metric ranging from 50 to 80 was developed for

12
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Form A. The raw-to-scale score conversion was constructed by generating the
relative frequency distribution of raw scores and smoothing it using the polyno-
mial loglinear method. Percentile ranks were then derived from the smoothed
distribution, and corresponding z-scores were calculated for each integer raw
score. These z-scores were transformed to have a mean of 70 and a standard
deviation of 4. The final scale scores were obtained by rounding and truncating
the transformed values. Scale scores for Form B were derived through equating
to Form A and applying the Form A raw-to-scale score conversion.

To examine classification consistency and accuracy, a cut score was estab-
lished at a scale score of 70 for Form A, resulting in a passing rate of approxi-
mately 50%. The corresponding cut score on the Form A raw score metric was
obtained by back-mapping from the scale score conversion and was equal to 21.
The equivalent cut score on the Form B raw score metric, obtained via equating,
was also 21. The scale score cut score for Form B was the same as that of Form
A by definition, since the scale score metric was shared across forms. Although
the raw score cut scores happened to align numerically in this case, the equiva-
lence was achieved through equating, not by design. Due to the limited research
on the use of IRT-based proficiency scores for composite scoring, only the raw
and scale score metrics are considered in this example.

2.2.1 Reliability Coefficients

Table 8 summarizes several reliability coefficients for the composite-domain ex-
ample. Although the data are stratified and multidimensional, unstratified and
univariate reliability estimates are also reported for comparative purposes. Re-
call that coefficient alpha and the generalizability coeflicient from a p x i design
yield identical results. Similarly, stratified alpha is equivalent to the composite-
score generalizability coefficient derived from a multivariate GT p*® x i® design.
Stratified alpha assumes essential tau-equivalence within each stratum but not
necessarily across strata—an assumption that is clearly more defensible than
that of unstratified alpha in this context. As expected, results for stratified
alpha are slightly higher and closer to the replication values, on average, than
those from unstratified coefficient alpha.

Feldt’s coefficient, which relaxes the essential tau-equivalence assumption
and instead assumes items are congeneric both within and across strata, provides
an alternative approach. In practice, stratification typically has little impact on
Feldt’s coefficient; indeed, the stratified version of Feldt’s coefficient (not shown)
produced results nearly identical to the unstratified version.

The D-method was used for all IRT-based procedures. For the SS-MIRT and
BF-MIRT models, 11 quadrature points were used for each dimension, while 41
points were used for the single dimension of the UIRT model. The SS-MIRT
model employed a trivariate standard normal distribution with inter-factor cor-
relations estimated through flexMIRT calibration. In contrast, the BF-MIRT
model assumed a four-dimensional uncorrelated standard normal distribution.

An additional model, labeled “BF-MIRT General,” was included for compar-
ison. In this specification, only the general factor is retained in the model, while
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all specific content factors are treated as nuisance and excluded. Although this
approach may not fully capture the dimensional structure of the data, it is not
entirely misspecified and is therefore considered a useful point of comparison.

The two MIRT models (SS-MIRT and BF-MIRT) generally yielded higher
reliability estimates than both the UIRT and BF-MIRT General models. This
finding is consistent with prior results reported by Lee et al. (2020). On average,
the single-administration estimates produced by the MIRT models were closer
to the replication-based values than those from UIRT. Similar patterns were
observed for composite scale scores derived from the IRT procedures.

There is no coherent framework within CTT or GT for computing reliability
on the scale score metric. One practical approach is to estimate scale score
CSEMs using the compound binomial model and then aggregate these values to
obtain the overall error variance. Because no model-based estimate of observed
score variance is available under CTT or GT for scale scores, the actual observed
variance of the scale scores was used in the reliability calculation. As shown
in Table 8, this approach resulted in slightly underestimated reliability values
compared to the replication-based estimate.

Table 8: Reliability Coeflicients for Composite Score Example

Score Types

Reliability Coefficients Form A~ Form B Replication

Composite Raw Scores

Coefficient alpha .730 .719
Feldt’s coefficient 731 720
Stratified alpha .735 722
GT px1i .730 719
MGT p® xi° 735 722 732
UIRT 733 718
BF-MIRT general 718 .699
SS-MIRT 137 721
BF-MIRT 744 .726
Composite Rounded Scale Scores
Compound binomial model .678 .669
UIRT 713 .698
BF-MIRT General .698 .678 .719
SS-MIRT 117 .703
BF-MIRT 127 .708
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2.2.2 Conditional Standard Error of Measurement

Estimates of CSEMs for composite raw scores are presented in Figure 5, based
on Form A data only. The estimation methods include: Lord’s binomial error
model that does not account for stratification (Equation 78); the compound
binomial model, which incorporates stratification appropriately (Equation 94);
the UIRT model assuming unidimensionality (square root of Equation 52); and
the SS-MIRT and BF-MIRT models (both using the square root of Equation 62).
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Figure 5: CSEMs for composite raw scores.

In the application of the compound binomial model, examinees with the
same composite score could have different combinations of subdomain scores,
resulting in different CSEMs. To produce a single CSEM line for this model, the
square root of the average CSEMs across examinees with the same composite
score was computed.

For the SS-MIRT and BF-MIRT models, the M-method (p. 346) was used,
which involved drawing 10,000 proficiency combinations from a specified multi-
variate distribution—either a trivariate standard normal with estimated corre-
lations (for SS-MIRT) or a four-dimensional uncorrelated standard normal (for
BF-MIRT).

For plotting purposes, expected (i.e., true) composite scores computed under
each of the three IRT models were rounded. When multiple draws resulted in the
same rounded score, their corresponding CSEMs were averaged. This procedure
led to a truncated range of composite scores in the final plot.

As expected, the three sets of IRT-based CSEMs tend to cluster together
and are consistently lower than those obtained from the binomial and compound
binomial models. Among the IRT methods, the two MIRT models generally
produced smaller CSEMs than the UIRT model, which aligns with the reliability
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results presented in Table 8. CSEMs from Lord’s binomial model were slightly,
but consistently, higher than the average CSEMs produced by the compound
binomial model.

Figure 6 displays the CSEMs for scale scores. Results from Lord’s method
are not included in this figure. Across methods, a similar pattern emerges, with
the IRT-based approaches yielding smaller CSEMs than the compound binomial
model. The jagged appearance of the CSEM curves is primarily attributable to
fluctuations in the slope of the raw-to-scale score conversion function.
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Figure 6: CSEMs for composite scale scores.

2.2.3 Classification Consistency and Accuracy Indices

Table 9 presents estimates of the classification consistency index ¢ for the
composite-domain example. Stratified alpha was used as the reliability input
for both the normal approximation and strong true score models, with values
of .735 for Form A and .722 for Form B. The beta-binomial models, which do
not account for stratification, treat the data as a single unified test rather than
as three distinct domains. As a result, they tend to underestimate classification
consistency.

The three IRT-based methods yielded very similar results, with the UIRT
model producing slightly lower estimates than the two MIRT models. Results
for rounded scale scores closely mirrored those for raw scores. In fact, estimates
from the normal approximation and the three IRT methods were identical across
the two score metrics. This equivalence is due to the one-to-one mapping be-
tween raw and scale scores in the conversion process.

Interestingly, the Livingston-Lewis method performed well in combination
with the beta-binomial model for scale scores, despite the beta-binomial model
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Table 9: Classification Consistency for Composite Score Example

Classification Consistency Form A Form B  Replication

Composite Raw Scores
(Cut = 21 for both forms)

Two-parameter beta binomial model .749 744
Four-parameter beta binomial model 754 .749
Normal approximation 763 757 767
UIRT .769 766 '
SS-MIRT 770 767
BF-MIRT 174 .769
Rounded Scale Scores
(Cut = 70 for both forms)
Livingston—Lewis Procedure 763 762
(with two-parameter beta binomial model) ’ '
Livingston—Lewis Procedure 77 768
(with four-parameter beta binomial model) ’ ' 767
Normal approximation 763 757
UIRT .769 .766
SS-MIRT 770 767
BF-MIRT 174 .769

tending to underestimate classification consistency when applied to raw scores.

Table 10 presents a summary of the classification accuracy index 7 for both
composite raw and scale scores. Overall, the accuracy estimates are higher
than the consistency estimates reported in Table 9, as expected. Similar to
the consistency results, the beta-binomial models tend to yield somewhat lower
accuracy estimates compared to the other methods.

Notably, the performance of the UIRT model is nearly comparable to that
of the MIRT models, despite the multidimensional nature of the data—an un-
expected but informative finding. In general, all estimation methods produced
closely aligned results, with the exception of the beta-binomial models applied
to the raw score metric, which continued to show lower estimates relative to the
other approaches.

2.3 Computer Programs

Several computer programs were used for computing results reported in this
report. An R program, emreliability (Liu, Lee, & Liang, 2025), was developed
to compute reliability coefficients and CSEMs. BB-CLASS (Brennan, 2004)
was used to obtain classification consistency and accuracy results for strong
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Table 10: Classification Accuracy for Composite Score Example

Classification Accuracy Form A  Form B

Composite Raw Scores
(Cut = 21 for both forms)

Two-parameter beta binomial model .813 .808
Four-parameter beta binomial model .818 .813
Normal approximation .828 .823

UIRT .831 .826

SS-MIRT .830 827

BF-MIRT .832 .828

Rounded Scale Scores
(Cut = 70 for both forms)

Livingston—Lewis Procedure

(with two-parameter beta binomial model) 832 827
Livingston—Lewis Procedure 836 831

(with four-parameter beta binomial model) ' ’
Normal approximation .828 .823
UIRT 831 .826
SS-MIRT .831 .829
BF-MIRT .833 .830

true score models and Livingston-Lewis procedure. The results for the normal
approximation procedure were computed using NM-CLASS (Kim, 2019). IRT-
based classification consistency and accuracy indices were computed using IRT-
CLASS (Lee & Kolen, 2008) and MIRT-PP (Lee, 2015), and Rudner’s results
were obtained by cacIRT (Lathrop, 2015).

3 Summary and Conclusions

This report provides a set of computational examples to illustrate the appli-
cation of reliability statistics grounded in CTT, GT, and IRT, as presented in
the Reliability in Educational Measurement chapter of the 5th edition of Edu-
cational Measurement (Lee & Harris, 2025). Two examples are explored: one
based on a single-domain assessment, and the other involving a composite score
from a multidomain assessment.

For each example, the report presents multiple reliability coefficients, CSEMs,
and classification consistency and accuracy indices across three score metrics:
number-correct raw scores, IRT proficiency scores, and scale scores. Both uni-
variate and multivariate methods are considered within each of the three mea-
surement theories. Empirical replication results, obtained from constructed
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pseudo-parallel forms, serve as benchmarks to evaluate the accuracy of single-
administration estimates.

Findings from the two examples show that, while results are generally com-
parable, notable differences emerge across the three measurement models and
across the different score metrics used. These differences reflect the distinct as-
sumptions, estimation procedures, and error structures inherent to each frame-
work.

The report highlights the critical importance of aligning estimation methods
with the conceptual and structural characteristics of the assessment. Model
assumptions, such as dimensionality, form parallelism, and the treatment of do-
main scores, directly influence the interpretation and comparability of reliability
estimates. Consequently, careful attention to these assumptions is essential for
drawing valid inferences about score precision.
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