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Abstract

Assuming that errors of measurement follow a compound binomial distribu-
tion, five interval estimation procedures that can be used to construct intervals
for weighted composite scores are introduced in this paper. The intervals that
result from these five procedures are the compound normal approximation, Mee,
Haldane, Jeffreys-Perks, and score intervals. These five intervals are compared
through a simulation study under various study conditions. In general, the Mee,
Haldane, Jeffreys-Perks, and score intervals returned coverage probabilities that
are much closer to the nominal level than the compound normal approximation
intervals, with the Jeffreys-Perks intervals achieving somewhat better results.
In addition, the widths for these four intervals are, on average, shorter than
the compound normal approximation intervals. Among the four intervals, the
Haldane and Jeffreys-Perks intervals are more attractive than the Mee and score
intervals in the sense that the former intervals both have closed-form expres-
sions.
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1 Introduction

In classical test theory (CTT), the true score for an examinee is the score that
would be obtained by taking the average of the examinee’s observed scores from
an infinite number of test administrations. Because it is impossible to have
an examinee take the same test an infinite number of times, true score can
only exist as a hypothetical concept. For this reason, observed score is often
used as a point estimate for true score. However, even though an examinee’s
observed score is an unbiased estimate of that examinee’s true score, it does not
provide information about the amount of uncertainty in the point estimate. An
alternative way to estimate true score is through an interval estimate, which is
likely to contain the true score.

Under the assumption that measurement errors are normally distributed, in-
terval estimates have traditionally been constructed using a common standard
error of measurement (SEM) for all examinees. However, for tests consisting of
equally weighted dichotomous items, more satisfying results can be obtained by
using the normal approximation interval with Lord’s conditional SEM (Lord,
1955, 1957) or the Wilson score interval (Wilson, 1927), assuming that mea-
surement errors follow a binomial distribution (Lee, Brennan, & Kolen, 2006).

Interval estimates for composite scores across multiple stratified domains
have been an infrequent topic of discussion in the literature. Feldt (1984) pro-
posed a formula for computing conditional SEMs for a test composed of stratified
domains under the assumption that the error distribution for composite scores
follows a compound binomial distribution (i.e., the error distribution for each do-
main is binomial). Brossman and Lee (2009) considered normal approximation
intervals using Feldt’s conditional SEMs; however, they did not provide a theo-
retical justification for using a normal distribution to approximate a compound
binomial distribution. Another procedure that takes stratified domains into ac-
count is the tolerance interval estimation procedure proposed by Brossman and
Lee (2009). Tolerance intervals, unlike other intervals that use observed scores,
are based on Kelley’s (1927) regressed score estimates. However, this proce-
dure is difficult to extend to more than two stratified domains because of the
complexity of the construction, and it tends to return intervals with inaccurate
coverage probabilities for most of the true score points.

Most testing programs use test specifications when developing test forms,
and it is usually the case that some domains (e.g., contents) are considered more
important than other domains. The relative importance of various domains is
typically addressed by allocating different number of items across domains or
using differential weights when forming composite scores. One advantage of
the interval estimation procedures using the compound binomial error model
compared to those using the binomial error model is that the former carries
test specifications into the interval estimation process by constructing intervals
using domain scores. As a result, examinees with the same test score can be
assigned different intervals depending on the pattern of domain scores. On the
other hand, the interval estimation procedures using the binomial error model
ignore domain stratification and always assign an identical interval to examinees
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with the same composite score, regardless of their domain score configuration.
In spite of this advantage, there is very little literature that describes interval
estimation procedures using the compound binomial error model. Thus, the
objectives of the present study are as follows:

1. Introduce and compare five interval estimation procedures for true weighted
composite scores based on the compound binomial error model using a
simulation study.

2. Compare the five compound-binomial procedures to the binomial-based
normal approximation and Wilson score procedures using real data.

2 True Weighted Composite Score

Suppose a test form consists of k stratified domains. Let {Xi}ki=1 denote a
set of random variables representing observed number-correct scores for the k
domains. Further, let {τi}ki=1 be a set of true number-correct scores for the k
domains, where τi is defined as the expected value of Xi over repeated measure-
ments. Then, for any set of weights {w k∑ i}i=1, the observed weighted composite

k
score is X = i=1 wiXi, and the true weighted composite score τ is defined as
the expected value of X over repeated measurements; that is,

τ = E(X) = E

k∑
i=1

wiXi =

k∑
i=1

wiE(Xi) =

k∑
i=1

wiτi, (1)

( )
where E is the expectation operator. Under the compound binomial error
model, the ith domain score Xi conditional on true proportion-correct score
πi is assumed to have a binomial distribution with the∑number of items ni.

k
Thus, E(Xi) = τi = niπi, and Equation 1 becomes τ = i=1 winiπi.

3 Interval Estimation Procedures

This section provides detailed descriptions of five interval estimation procedures
using the compound binomial error model. The intervals that result from these
five procedures are the compound normal approximation interval, Mee interval,
Haldane interval, Jeffreys–Perks interval, and score interval.

Construction of all five intervals except for the score interval is based on
solving

(x− τ)2 ≤ z2α/2ϑ̃(X), (2)

where x is a realized value of the weighted composite score X, zα/2 is the
˜(1 − α/2)–th quantile of the standard normal distribution, and ϑ(X) is any

expression for the variance of X. The derivation of Equation 2 under the com-
pound binomial error model relies on three properties of a normal distribu-
tion: (a) the log-likelihood function has a parabolic shape, (b) the maximum
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likelihood estimator (MLE) for the mean is normally distributed, and (c) a
linear combination of independent normal random variables is also normally
distributed. Specifically, when the log-likelihood functions for all k domains
are well-approximated by parabolas, X1, X2, · · · , Xk, which are the MLEs for
the means of the binomial distributions for the k domains, will be (approxi-
mately) normally distributed with mean E(Xi) = niπi and variance ϑ(Xi) =
niπi(1 − πi), i = 1, 2, · · · , k. Furthermore, because a linear combination of
independent normal random∑ variables has a normal distribution, the weighted

k
composite score X = i=1 wiXi is also (approximately) normally distributed∑k
with mean E(X) = τ and variance ϑ(X) = i=1 w

2
i niπi(1− πi). Thus,

1− α ≈ P −zα/2 ≤
X − τ√
ϑ(X)

≤ zα/2

= P
(
X − zα/2

√
ϑ(X) ≤ τ ≤ X + zα/2

√
ϑ(X)

)
. (3)

( )

∑k ˜After substituting a realized value x = i=1 wixi in place of X and ϑ(X) in
place of ϑ(X), we obtain Equation 2.

3.1 Compound Normal Approximation Interval

˜ k
An interval can be obtained by using the expression ϑ(X) = 2

i=1 wi niπ̂i(1 −
π̂i), where π̂i = xi/ni is the sample proportion for the ith stratified domain.
With this expression, the 100(1− α)% interval estimate is given by

∑

x± zα/2
√√ k∑

i=1

w2
i niπ̂i(1− π̂i). (4)

√√

For the purposes of this study, this interval will be referred to as the com-
pound normal approximation interval because its construction is similar to the
normal approximation interval under the binomial error model in the sense that
both use sample proportions to estimate the variance of X. Note that the com-
pound normal approximation interval is identical to the normal approximation
interval using Feldt’s conditional SEM (Brossman & Lee, 2009) when the do-
main weights are 1 and a bias correction factor ni/(ni − 1) is multiplied to the
variance term in Equation 4.

The compound normal approximation interval is attractive because it is
easy to compute. However, it performs poorly when the number of items in
each domain is small, in the sense that its coverage probability is far below the
nominal level.

3.2 Mee Interval

For constructing intervals for the difference of two binomial proportions, i.e.,
∆ = π2 − π1, Mee (1984) suggested using the MLEs for π1 and π2 under the
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assumption that the value of ∆ is known. Beal (1987) compared this procedure
to the usual procedure that uses sample proportions and found that the former
yields more satisfying results. Later, Decrouez and Robinson (2012) obtained
similar results for the weighted sum of two binomial proportions. Even though
previous studies only focused on two binomial proportions, the Mee procedure
can be extended to more than two binomial proportions (i.e., stratified domains).

Denote π̂i(τ) as the MLE for πi, i = 1, 2, · · · , k, assuming that the true
weighted composite score τ is known; that is,

π̂(τ) = argmax
π

L(τ,π), (5)

where π̂(τ) = (π̂1(τ), π̂2(τ), · · · , π̂k(τ)), π = (π1, π2, · · · , πk), L(τ,π) is the
log–likelihood function for the compound binomial distribution assuming that
τ is known, and argmaxπ L(τ,π) := {π | ∀π′ : L(τ,π′) ≤ L(τ,π)}. The Mee∑˜ k
interval is constructed using ϑ(X) = i=1 w

2
i niπ̂i(τ)(1 − π̂i(τ)). It should be

noted that the log–likelihood function needs to be maximized under the following
constraints:

0 < π̂i(τ) < 1, i = 1, 2, · · · , k, (6)

and

k∑
i=1

winiπ̂i(τ) = τ. (7)

One disadvantage of using the Mee interval is the lack of a closed-form
solution. The endpoints need to be found with iterative computation using
suitable starting values (e.g., endpoints of the compound normal approximation
interval) and evaluation of π̂(τ) at each iteration.

3.3 Haldane and Jeffreys-Perks Intervals

The Haldane and Jeffreys-Perks interval estimation procedures were first dis-
cussed by Beal (1987) to construct intervals for the difference of two binomial
proportions, and Decrouez and Robinson (2012) applied the two procedures to
construct intervals for the weighted sum of two binomial proportions. Building
upon earlier works on Haldane and Jeffreys-Perks intervals for two binomial
proportions, more general versions of these two procedures are proposed here to
obtain interval estimates for true weighted composite scores.

By defining a set of parameters {ψi}ki=2 as

ψi =
k∑

j=1, j=i

wjnjπj − (k − 1)winiπi, i = 2, 3, · · · , k, (8)
6

domain true proportion-correct scores π1, π2, · · · , πk can be expressed in terms
of τ and {ψi}ki=2. This can be done by first subtracting each ψi from τ =

4



Kim and Lee Interval Estimation

∑k
i=1 winiπi to obtain

πi =
τ − ψi
kwini

, i = 2, 3, · · · , k, (9)

and then substituting these expressions into τ to get

π1 =
τ +

k
i=2 ψi

kw1n1
. (10)

∑
Using these expressions for π1, π2, · · · , πk, the variance of X can be expressed
as a function of τ and {ψ}k · · · 2

i=2, say ϑ(τ, ψ2, ψ3, , ψk) = a2τ +a1τ +a0, where

k

a2 = − 1

k2

∑
i=1

1

ni
(11)

a1 =
1

k2

[
(kw1n1 − 2

∑k
i=2 ψi)

n1
+

k∑
i=2

kwini + 2ψi
ni

]
(12)

a0 =
1

k2

[
kw1n1

∑k
i=2 ψi − (

∑k
i=2 ψi)

2

n1
−

k∑
i=2

winiψi + ψ2
i

ni

]
. (13)

∑˜ ˆ ˆ k
With ϑ(X) = ϑ(τ, ψ2, ψ3, · · · ˆ ˆ, ψk), where ψi = j=1, j=i wjnj π̂j−(k−1)winiπ̂i,
Equation 2 becomes quadratic in τ , and it can be shown that the endpoints of
the interval are

6

(2x+ a1z
2)±

√
(2x+ a1z2)2 − 4(1− a2z2)(x2 − a0z2)

2(1− a2z2)
, (14)

where z = zα/2. This interval is similar in construction to the Wilson score
interval under the binomial error model. However, it should be noted that
Equation 14 is not a score interval because its construction is not based on a
score test.

Extending Beal’s (1987) reasoning to k domains, a family of intervals that
are closely related to the one in Equation 14 can be obtained by considering
the[posterior means] of ψi, i = 2, 3, · · · , k, using a prior density proportional∏ γ

k
to πi(1− πi) on (π1, π2, · · ·i=1 , πk) as alternatives to ψi, i = 2, 3, · · · , k.

Because the likelihood of a compound binomial distribution is the product of
k binomial distributions with different true proportion-correct scores, the joint
posterior distribution of πi, i = 1, 2, · · · , k, can be computed as follows:

h(π|x) ∝ f(x|π)h(π)

=
k∏
i=1

(
ni
xi

)
πxi
i (1− πi)ni−xi

[
k∏
i=1

πi(1− πi)

]γ

=
k∏
i=1

(
ni
xi

)
πxi+γ
i (1− πi)ni−xi+γ , (15)

5
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where x = (x1, x2, · · · , xk) and π = (π1, π2, · · · , πk). After somewhat tedious
algebra, it can be shown that the posterior mean of ψi for each i = 2, 3, · · · , k
is

E(ψi|x) =
k∑

j=1, j=i

wjnj
xj + γ + 1

nj + 2γ + 2
− (k − 1)wini

xi + γ + 1

ni + 2γ + 2
.

6

Various intervals can be obtained with different values of γ. In the present
study, two intervals are considered. The first one is the interv[ al obtained with]∏ −1

k
γ = −1 and is referred to as the Haldane interval because i πi(1−=1 πi)

is the product of Haldane priors. Note that as E(ψi|x) = ψi when γ = −1, the
interval obtained in Equation 14 is in fact the Haldane interval. Another interval
of interest is when γ = −0.5. This interval is referred to as the Jeffreys-Perks
interval because the prior with γ = −0.5 arises naturally from the Jeffreys-Perks
invariance theory (Jeffreys, 1946; Perks, 1947).

3.4 Score Interval

The score interval can be constructed by inverting a score test:

Sτ (τ, π̂(τ))2

ϑ(Sτ (τ, π̂(τ)))
, (16)

where Sτ (τ, π̂(τ)) is the score function for τ (i.e., the first derivative of the
log–likelihood function with respect to τ) and the other symbols are the same
as previously defined. It is known that the distribution of Sτ (τ, π̂(τ)) is asymp-
totically normal with variance (Davison, 2003, p. 132)

ϑ(Sτ (τ, π̂(τ))) = Iττ − Iτπ[Iππ]−1ITτπ, (17)

where

Iττ = E

(
−∂

2L(τ, π̂(τ))

∂τ2

)
, (18)

Iτπ = E

(
−∂

2L(τ, π̂(τ))

∂τ∂π

)
, (19)

Iππ = E

(
−∂

2L(θ, π̂(τ))

∂π∂πT

)
, (20)

and AT denotes the transpose of A. Thus, the lower and upper bounds of the
score interval are the solutions to

Sτ (τ, π̂(τ))2

ϑ(Sτ (τ, π̂(τ)))
= z2α/2. (21)

Because τ is unknown as the Mee interval, the score interval also has to be
solved numerically.

6
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4 Method

A simulation study was conducted to compare the compound normal approxima-
tion, Mee, Haldane, and Jeffreys-Perks intervals under the compound binomial
error model. A total of 12 conditions were studied by fully crossing five factors,
which are summarized in Table 1. Note that the score interval is not included in
the simulation study. Decrouez and Robinson (2012) have shown algebraically
that the score interval is identical to the Mee interval for the weighted sum of
two binomial proportions. It turns out that this is also true for the weighted
composite score of three stratified domains. The proof is provided in the Ap-
pendix.

Table 1: Summary of the study factors and conditions used for the simulation
Factor Condition
Domain Size 3
Domain Weight (1, 1, 1), (2, 2, 1)
Number of Items (10, 10, 10), (10, 10, 20), (20, 20, 20)
Nominal Level 0.95
Correlation Between πi’s 0.7, 0.9

Correlated domain true proportion-correct scores for 1,000 simulees were
generated from a negatively skewed beta distribution with shape parameters 3.4
and 1.9 (Lee et al., 2006) using the procedure presented by Cario and Nelson
(1997):

1. A random sample of size 1,000 was generated from a three-dimensional
multivariate normal distribution with mean vector µ = 0 and correlation
matrix Σ whose off-diagonal elements were either ρ = 0.7 or 0.9. That is,

y1,y2, · · · ,y1000 ∼ N3(0,Σ). (22)

2. F−1[Φ(yhi)] was computed for each element yhi of yh, where h and i are
indices for simulee and domain, respectively, Φ is the univariate standard
normal cumulative distribution function, and F−1 is the inverse cumula-
tive distribution function of the beta distribution with shape parameters
3.4 and 1.9.

3. The ith domain true proportion-correct score for simulee h was set to
F−1[Φ(yhi)].

Note that Lee et al. (2006) used a beta distribution with shape parameters 3.4
and 1.9 to generate overall true proportion-correct scores, whereas the same
distribution was used here to generate true proportion-correct scores for each
of the k domains. Once the domain true proportion-correct scores were gener-
ated, for each simulee, observ∑ ed scores for the k domains were obtained by first

k
randomly sampling n = i=1 ni deviates from a uniform distribution between

7
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0 and 1, and comparing these values to the simulee’s domain true proportion-
correct scores. If πi > uij , where uij is the jth uniform deviate for the ith
domain, then the response to that item was coded as one, and zero otherwise.
Finally, the 0/1 responses across all the items within each domain were added to
obtain the k observed scores. After generating data, the four interval estimation
procedures considered in the present study were applied to the simulated data.
This process was repeated 1,000 times for each simulee.

Five evaluation criteria based on Agresti and Coull (1998) and Decrouez
and Robinson (2012) were used to compare the four intervals: (a) coverage
probability, (b) interval width, (c) absolute mean distance from the nominal
level, (d) proportion of coverage probabilities within 0.02 of the nominal level,
and (e) proportion of coverage probabilities below 0.90. For simulee h, the
coverage probability (Ch) and interval width (Wh) are defined as

Ch =
1

R

R∑
r=1

1(Lr(xh), Ur(xh))(τh), (23)

Wh =
1

R

R∑
r=1

(Ur(xh)− Lr(xh)), (24)

where R (= 1, 000) is the number of replications, τh is the true weighted com-
posite score for simulee h, xh is the domain score vector of length k for simulee
h, Ur(xh) and Lr(xh) are, respectively, the upper and lower bounds of the rth
interval, and 1A(τ) is an indicator variable that is one if τ ∈ A and zero other-
wise. The absolute mean distance, proportion of coverage probabilities within
0.02 of 0.95, and proportion of coverages below 0.90 are given by

D =
1

N

N∑
h=1

|Ch − 0.95|, (25)

P =
1

N

N∑
h=1

1(0.93,0.97)(Ch), (26)

B =
1

N

N∑
h=1

1(0,0.90)(Ch), (27)

where N (= 1, 000) is the number of simulees.

5 Results

Tables 2 and 3 summarize the average coverage probabilities and interval widths
averaged over 1,000 simulees, absolute mean distances from the nominal level,
proportions of coverage probabilities within 0.02 of the nominal level, and pro-
portion of coverage probabilities below 0.90 for raw-score (i.e., weighted com-
posite score) intervals when the domain weights are (w1, w2, w3) = (1, 1, 1) and

8



Kim and Lee Interval Estimation

(2, 2, 1), respectively. In addition, coverage probabilities for all 1, 000 raw-score
intervals (one for each simulee) for two sets of conditions are shown in Figures 1
and 2. (Note that coverage probability plots for the other conditions that are
not provided here showed similar patterns to those in Figures 1 and 2.)

In general, as the domain size increased, the performance of all four interval
estimation procedures improved. This result was somewhat expected because all
four procedures are based on normal approximation to the binomial distribution
(see Section 3), which is known to perform better with larger sample sizes.
On the other hand, correlation between true domain proportion-correct scores
slightly lowered coverage probabilities for the compound normal approximation
intervals but had little, if any, impact on the performance of the other three
procedures.

The compound normal approximation interval estimation procedure per-
formed poorly and returned average coverage probabilities that were far below
the nominal level of 0.95 for all 12 study conditions. It can be seen from Fig-
ures 1 and 2 that coverage probabilities fall below the nominal level throughout
the entire score scale, especially at the extreme score points. The significant
drop in the coverage probabilities near both ends of the score scale is a conse-
quence of using the observed weighted composite score x as the midpoint for a
highly skewed compound binomial distribution. As a result, the proportions of
coverage probabilities between 0.93 and 0.97 were much lower than the other
procedures. It should be noted that the poor results of the compound normal
approximation intervals were not due to short interval widths.

Intervals obtained with the Haldane and Jeffreys-Perks procedures had av-
erage coverage probabilities that were close to the nominal level, with mean
distances no larger than 0.01 for all twelve simulation conditions. In addition,
all intervals had coverages greater than 0.90. As depicted in Figures 1 and 2,
coverage probabilities were scattered near the nominal level 0.95 for most of the
score points but tended to be slightly conservative at the extremes. Comparing
the two, when the number of items for each domain was small, the Haldane
intervals performed slightly worse than the Jeffreys-Perks intervals in terms of
coverage probabilities and proportions of coverages between 0.93 and 0.97, but
the performance improved and became comparable to the Jeffery-Perks inter-
vals as the number of items increased. It is worth noting that, although the
Haldane and Jeffreys-Perks intervals showed better results than the compound
normal approximation intervals, the interval widths were shorter.

The Mee interval estimation procedure also showed good performance based
on the five evaluation criteria. One exception was when each domain contained
10 items and had a weight of one for which the proportions of coverage prob-
abilities within 0.02 of the nominal level were lower than 0.90. Also, coverage
probabilities were a bit too large at the right end of the score scale. In terms of
interval widths, the Mee procedure returned intervals that were slightly longer
than the Haldane intervals but shorter than the Jeffreys-Perks intervals.

9
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Table 2: Summary of the five evaluation criteria for (w1, w2, w3) = (1, 1, 1)

Criteria
Compound

Normal Haldane
Jeffreys–

Perks Mee
(n1, n2, n3) = (10, 10, 10)

ρ = 0.7
Coverage Probability
Interval Width

0.913
8.754

0.943
8.459

0.946
8.544

0.942
8.522

Mean Distance from 0.95 0.037 0.010 0.008 0.012
Coverage ∈ (0.93, 0.97)
Below 0.90

0.235
0.161

0.907
0.000

0.943
0.000

0.867
0.000

ρ = 0.9
Coverage Probability
Interval Width

0.910
8.710

0.943
8.451

0.945
8.515

0.942
8.494

Mean Distance from 0.95 0.040 0.010 0.009 0.011
Coverage ∈ (0.93, 0.97)
Below 0.90

0.258
0.184

0.912
0.001

0.926
0.001

0.843
0.000

(n1, n2, n3) = (10, 10, 20)
ρ = 0.7

Coverage Probability
Interval Width

0.923
10.263

0.943
9.939

0.945
10.007

0.944
10.037

Mean Distance from 0.95 0.027 0.009 0.008 0.009
Coverage ∈ (0.93, 0.97)
Below 0.90

0.467
0.086

0.942
0.000

0.954
0.000

0.924
0.000

ρ = 0.9
Coverage Probability
Interval Width

0.920
10.225

0.943
9.931

0.945
9.979

0.944
10.009

Mean Distance from 0.95 0.030 0.009 0.009 0.009
Coverage ∈ (0.93, 0.97)
Below 0.90

0.422
0.105

0.942
0.000

0.952
0.000

0.920
0.000

(n1, n2, n3) = (20, 20, 20)
ρ = 0.7

Coverage Probability
Interval Width

0.932
12.785

0.946
12.541

0.947
12.585

0.946
12.579

Mean Distance from 0.95 0.018 0.007 0.007 0.007
Coverage ∈ (0.93, 0.97)
Below 0.90

0.692
0.033

0.975
0.000

0.976
0.000

0.966
0.000

ρ = 0.9
Coverage Probability
Interval Width

0.930
12.733

0.947
12.514

0.947
12.542

0.946
12.533

Mean Distance from 0.95 0.020 0.008 0.007 0.008
Coverage ∈ (0.93, 0.97)
Below 0.90

0.647
0.048

0.963
0.000

0.965
0.000

0.949
0.001
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Table 3: Summary of the five evaluation criteria for (w1, w2, w3) = (2, 2, 1)

Criteria
Compound

Normal Haldane
Jeffreys–

Perks Mee
(n1, n2, n3) = (10, 10, 10)

ρ = 0.7
Coverage Probability
Interval Width

0.908
15.136

0.941
14.616

0.945
14.801

0.945
14.736

Mean Distance from 0.95 0.042 0.010 0.008 0.009
Coverage ∈ (0.93, 0.97)
Below 0.90

0.109
0.182

0.915
0.000

0.961
0.000

0.951
0.000

ρ = 0.9
Coverage Probability
Interval Width

0.904
15.056

0.942
14.596

0.945
14.750

0.945
14.681

Mean Distance from 0.95 0.046 0.010 0.009 0.009
Coverage ∈ (0.93, 0.97)
Below 0.90

0.106
0.206

0.916
0.000

0.946
0.000

0.945
0.000

(n1, n2, n3) = (10, 10, 20)
ρ = 0.7

Coverage Probability
Interval Width

0.915
16.085

0.943
15.628

0.946
15.794

0.944
15.694

Mean Distance from 0.95 0.035 0.009 0.007 0.009
Coverage ∈ (0.93, 0.97)
Below 0.90

0.216
0.122

0.942
0.000

0.968
0.000

0.940
0.000

ρ = 0.9
Coverage Probability
Interval Width

0.912
16.008

0.944
15.605

0.947
15.740

0.944
15.640

Mean Distance from 0.95 0.038 0.008 0.007 0.009
Coverage ∈ (0.93, 0.97)
Below 0.90

0.190
0.162

0.964
0.001

0.975
0.000

0.937
0.000

(n1, n2, n3) = (20, 20, 20)
ρ = 0.7

Coverage Probability
Interval Width

0.929
22.133

0.946
21.699

0.947
21.802

0.947
21.723

Mean Distance from 0.95 0.021 0.007 0.007 0.007
Coverage ∈ (0.93, 0.97)
Below 0.90

0.620
0.038

0.978
0.000

0.981
0.000

0.983
0.000

ρ = 0.9
Coverage Probability
Interval Width

0.927
22.039

0.946
21.645

0.948
21.725

0.947
21.643

Mean Distance from 0.95 0.023 0.007 0.007 0.006
Coverage ∈ (0.93, 0.97)
Below 0.90

0.594
0.056

0.974
0.000

0.979
0.000

0.983
0.000
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Figure 1: Coverage probabilities for true raw-score intervals when ρ = 0.7,
(n1, n2, n3) = (10, 10, 20), and (w1, w2, w3) = (1, 1, 1)

5 10 15 20 25 30 35 40

0
.7

0
0
.7

5
0
.8

0
0
.8

5
0
.9

0
0
.9

5
1
.0

0

Compound Normal

True Raw Score

C
o
ve

ra
g

e
 P

ro
b

a
b

ili
ty

5 10 15 20 25 30 35 40

0
.7

0
0
.7

5
0
.8

0
0
.8

5
0
.9

0
0
.9

5
1
.0

0

Haldane

True Raw Score
C

o
ve

ra
g

e
 P

ro
b

a
b

ili
ty

5 10 15 20 25 30 35 40

0
.7

0
0
.7

5
0
.8

0
0
.8

5
0
.9

0
0
.9

5
1
.0

0

Jeffreys−Perks

True Raw Score

C
o
ve

ra
g

e
 P

ro
b

a
b

ili
ty

5 10 15 20 25 30 35 40

0
.7

0
0
.7

5
0
.8

0
0
.8

5
0
.9

0
0
.9

5
1
.0

0

Mee

True Raw Score

C
o
ve

ra
g

e
 P

ro
b

a
b

ili
ty

5.1 Real Data Application

A large-scale mathematics assessment with 54 multiple-choice items across three
stratified domains was used to compare both raw-score (i.e., weighted composite
score) and scale-score intervals obtained using the five aforementioned interval
estimation procedures. In addition, for comparison purposes, the normal ap-
proximation and Wilson score intervals under the binomial error model were
constructed by ignoring domain stratification and applying the two procedures
directly to the weighted composite scores. The three domains contained 20,
18, and 16 items, respectively, and the domain weights were all fixed at 1. A
raw-to-scale score conversion table with scale scores ranging from 20 to 80 with
a one-point increment was used to obtain the scale-score intervals. More specif-
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Figure 2: Coverage probabilities for true raw-score intervals when ρ = 0.7,
(n1, n2, n3) = (10, 10, 20), and (w1, w2, w3) = (2, 2, 1)
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ically, scale score intervals were constructed by computing the scale scores that
corresponded to the two endpoints of the raw-score intervals using linear in-
terpolation. Two examinees who had the same weighted composite score but
different domain scores were considered.

As can be seen from Table 4, interval estimation procedures using the com-
pound binomial error model produced different intervals for the two examinees.
Comparing the same procedure across the two examinees, longer intervals were
returned for Examinee A than for Examinee B. This is mainly attributable to
the distribution of errors associated with each examinee’s true score. Note that
the compound binomial error model assumes that errors of measurement for
each stratified domain follow a binomial distribution. Because measurement

13
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errors are the greatest when the true proportion-correct score is 0.5 under the
binomial error model, Examinee A, whose domain proportion-correct scores are
approximately 0.5 for all three domains, will have large measurement errors
compared to Examinee B, whose domain proportion-correct scores are more
towards the extremes. Taking domain information into account, interval esti-
mation procedures using the compound binomial error model returned longer
intervals for Examinee A than Examinee B. In contrast, the normal approxima-
tion and Wilson score procedures, which ignore domain stratification, assigned
the same intervals to the two examinees.

It is worth noting that intervals constructed under the compound binomial
error model and the binomial error model are more similar for Examinee A than
Examinee B. This is because the magnitudes of measurement errors under the
two models for Examinee A are expected to be more similar than Examinee
B, as the domain and composite proportion-correct scores are both near 0.5.
However, this is not the case for Examinee B whose composite score is near the
middle, but whose domain scores are located near the ends.

6 Discussion

The present article introduced the compound normal approximation, Mee, Hal-
dane, Jeffreys-Perks, and score interval estimation procedures using the com-
pound binomial error model, and compared the five procedures through a sim-
ulation study. In addition, these five procedures were compared to the normal
approximation and Wilson score procedures using the binomial error model with
a real data set.

Overall, the Mee, Haldane, and Jeffreys-Perks intervals returned coverage
probabilities that were close to the nominal level, with the Jeffreys-Perks inter-
vals achieving better coverages. It is important to note that these good coverage
probabilities were obtained with interval widths that were, on average, shorter
than the compound normal approximation intervals. Furthermore, the propor-
tions of coverage probabilities between 0.93 and 0.97 for these three intervals
were consistently higher than those for the compound normal approximation
intervals. Another attractive aspect of the Haldane and Jeffreys-Perks inter-
vals is that they both have closed-form expressions. By constrast, there is no
closed-form expression for the Mee interval and, therefore, the interval needs
to be solved numerically. This is also the case for the score interval estimation
procedure. Moreover, the complexity of computation for the Mee and score
intervals increases with the increase of the number of stratified domains, which
also makes these two procedure less practical than the Haldane and Jeffreys-
Perks procedures. Comparing the Haldane and Jeffreys-Perks procedures, the
latter returned intervals with better coverage probabilities and larger propor-
tions of coverage probabilities near the nominal level.

Although the results are not reported in this article, for unequal domain
weights, the normal approximation and Wilson score interval estimation proce-
dures returned coverage probabilities that were far below the nominal level. The
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Table 4: 95% interval estimates for a large–scale mathematics assessment

Interval Raw Score
Scale Score

Unrounded Rounded
Examinee A: 30 (10 / 10 / 10)

Compound Binomial
Compound Normal

Interval
Width

Haldane
Interval
Width

Jeffreys–Perks
Interval
Width

Mee
Interval
Width

(22.881, 37.119)
14.238

(22.904, 36.665)
13.761

(22.901, 36.669)
13.768

(22.915, 36.695)
13.780

(47.931, 59.091)
11.160

(47.949, 58.725)
10.776

(47.947, 58.729)
10.782

(47.957, 58.749)
10.792

(48, 59)
11

(48, 59)
11

(48, 59)
11

(48, 59)
11

Binomial
Normal

Interval
Width

Wilson Score
Interval
Width

(22.843, 37.157)
14.314

(22.883, 36.719)
13.836

(47.901, 59.121)
11.220

(47.932, 58.769)
10.837

(48, 59)
11

(48, 59)
11

Examinee B: 30 (18 / 6 / 6)
Compound Binomial

Compound Normal
Interval
Width

Haldane
Interval
Width

Jeffreys–Perks
Interval
Width

Mee
Interval
Width

(23.943, 36.057)
12.114

(24.018, 35.723)
11.705

(23.903, 35.831)
11.928

(23.993, 36.093)
12.100

(48.766, 58.238)
9.472

(48.826, 57.971)
9.145

(48.735, 58.058)
9.323

(48.806, 58.268)
9.462

(49, 58)
9

(49, 58)
9

(49, 58)
9

(49, 58)
9

Binomial
Normal

Interval
Width

Wilson Score
Interval
Width

(22.843, 37.157)
14.314

(22.883, 36.719)
13.836

(47.901, 59.121)
11.220

(47.932, 58.769)
10.837

(48, 59)
11

(48, 59)
11

15



Kim and Lee Interval Estimation

main reason for the low converges is because these procedures use the weighted
composite scores ignoring stratification, and unequal domain weights increase
the difference between true and observed weighted composite scores when one of
the domain observed scores is low compared to the domain true score. Suppose
there is a 30–item test with three stratified domains, each having 10 items, and
an examinee whose true domain proportion-correct scores are 0.6, 0.7, and 0.7.
If the domain weights are 1 and this examinee scores 6, 3, and 7 on the three do-
mains, the examinee’s true and observed weighted composite scores are 20 and
16, respectively. In this case, an interval constructed under the binomial error
model is likely to contain the examinee’s true score because of the moderate dif-
ference between the true and observed scores (the two endpoints of the normal
approximation interval is 9.54 and 22.46). However, when domain weights are
2, 2, and 1, the same examinee’s true and observed weighted composite scores
become 33 and 25, respectively, and because of the large difference between the
two scores, it is less likely that the normal approximation interval will contain
the true score (the two endpoints are 18.07 and 31.93). As mentioned previ-
ously, his large difference between the true and observed weighted composite
scores is the consequence of only answering correctly to three items in domain
2 in spite of the high true domain proportion-correct score 0.7. Note that the
opposite case also occurs but much less frequently, and as a result, the overall
coverage probability decreases when the domain weights are not all 1.

Finally, even though the interval estimation procedures introduced in the
present paper were only applied to three stratified domains, they can in theory
be applied to any number of domains. When applying Haldane and Jeffreys-
Perks interval estimation procedures to four stratified domains with 10 items
each and equal domain weights, the coverage probabilities were 0.941 and 0.944,
respectively, which are very similar to the results observed for the three stratified
domain case.
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Appendix

The proof that the Mee and score intervals are identical for the three strat-
ified domain case is provided in this Appendix. This can be done by showing
that

Sτ (τ, π̂(τ))2

ϑ(Sτ (τ, π̂(τ)))
=

(x− τ)2∑3
i=1 winiπ̂i(τ)

. (28)

In order to make the computation somewhat simpler,∑let θ = τ/(w3n3), a =
3

(w1n1)/(w3n3), and b = (w2n2)/(w3n3). Then τ = i winiπi becomes θ =
aπ1 + bπ2 + π3, and Equation 28 can be written as

Sθ(θ, π̂(θ))2

ϑ(Sθ(θ, π̂(θ)))
=

(θ̂ − θ)2

a2π̂1(θ) + b2π̂2(θ) + π̂3(θ)
, (29)

ˆwhere θ = a(x1/n1) + b(x2/n2) + (x3/n3).
The log-likelihood function (ignoring the constant term) for the compound

binomial distribution can be expressed in terms of θ, π1, and π2 as follows:

L(θ,π) = x1 log(π1) + (n1 − x1) log(1− π1)

+ x2 log(π2) + (n2 − x2) log(1− π2)

+ x3 log(θ − aπ1 − bπ2) + (n3 − x3) log(1− θ + aπ1 + bπ2), (30)

where π = (π1, π2). The score functions for θ, π1, and π2 are, respectively,

Sθ(θ,π) =
∂L(θ,π)

∂θ
=
x3 − n3π3
π3(1− π3)

, (31)

Sπ1(θ,π) =
∂L(θ,π)

∂π1
=
x1 − n1π1
π1(1− π1)

− a x3 − n3π3
π3(1− π3)

, (32)

Sπ2
(θ,π) =

∂L(θ,π)

∂π2
=
x2 − n2π2
π2(1− π2)

− b x3 − n3π3
π3(1− π3)

, (33)

and the variances and covariances of the score functions are, respectively,

E

(
−∂

2L(θ,π)

∂θ2

)
=

n3
π3(1− π3)

, (34)

E

(
−∂

2L(θ,π)

∂θ∂π

)
=

(
−a n3

π3(1− π3)
,−b n3

π3(1− π3)

)
, (35)

E

(
−∂

2L(θ,π)

∂π∂π′

)
=

(
n1

π1(1−π1)
+ a2 n3

π3(1−π3)
ab n3

π3(1−π3)

ab n3

π3(1−π3)
n2

π2(1−π2)
+ b2 n3

π3(1−π3)

)
.

(36)

After somewhat tedious algebra, it can be shown that the left-hand side of
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Equation 29 is

Sθ(θ, π̂(θ))2

ϑ(Sθ(θ, π̂(θ)))
=

[
x3 − n3π̂3(θ)

π̂3(θ)(1− π̂3(θ))

]2
×
[
a2
π̂1(θ)(1− π̂1(θ))

n1

+ b2
π̂2(θ)(1− π̂2(θ))

n2
+
π̂3(θ)(1− π̂3(θ))

n3

]
. (37)

Because π̂1(θ) and π̂2(θ) are the solutions for Equations 32 and 33, respec-
tively, we get (after some algebra)

a
x1
n1
− aπ̂1(θ) = a2

π̂1(θ)(1− π̂1(θ))(x3 − n3π̂3(θ))

n1π̂3(θ)(1− π̂3(θ))
, (38)

b
x2
n2
− bπ̂2(θ) = b2

π̂2(θ)(1− π̂2(θ))(x3 − n3π̂3(θ))

n2π̂3(θ)(1− π̂3(θ))
, (39)

and adding Equations 38 and 39 results in

a
x1
n1

+ b
x2
n2
− θ = −π̂3(θ) + a2

π̂1(θ)(1− π̂1(θ))(x3 − n3π̂3(θ))

n1π̂3(θ)(1− π̂3(θ))

+ b2
π̂2(θ)(1− π̂2(θ))(x3 − n3π̂3(θ))

n2π̂3(θ)(1− π̂3(θ))
(40)

(note that aπ̂1(θ) + bπ̂2(θ) = θ − π̂3(θ)). Finally, substituting Equation 40
into the numerator of the right-hand side of Equation 29 and simplifying the
expression yields

(θ̂ − θ)2

a2π̂1(τ) + b2π̂2(τ) + π̂3(τ)
=

x3 − n3π̂3(θ)

π̂3(θ)(1− π̂3(θ))

2

× a2
π̂1(θ)(1− π̂1(θ))

n1

+ b2
π̂2(θ)(1− π̂2(θ))

n2
+
π̂3(θ)(1− π̂3(θ))

n3

]
, (41)

[ ] [

which is identical to Equation 37.
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