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Abstract

This paper presents a strong true-score model for tests that consist of
polytomously-scored items. Errors conditional on true score are assumed to be
distributed as multinomial, true category-proportion scores are assumed to fol-
low a Dirichlet distribution, and the marginal category scores are the Dirichlet-
multinomial distribution. The model is illustrated using real data sets in the
following psychometric applications: obtaining a smoothed fitted observed-score
distribution; estimating conditional standard errors of measurement and relia-
bility for both raw and transformed scale scores; and computing classification
consistency and accuracy indices for raw and scale scores.
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1 Introduction

A strong true-score model establishes a mathematical relationship between ob-
served scores and unobservable true and error scores based on “strong” assump-
tions about the distributions of the true and error scores. For example, Keats
and Lord (1962) assumed a two-parameter beta distribution for true scores
and a binomial distribution for errors. The resulting marginal observed-score
distribution is often called the beta-binomial (or negative hypergeometric) dis-
tribution. Lord (1965) used a four-parameter beta distribution for true scores
and either a binomial or compound binomial distribution for errors. Lord (1965)
also provided a two-term approximation to the compound binomial for practical
implementation. Subsequently, Lord (1969) proposed a generalized version of
the four-parameter beta distribution.

Strong true-score models have been implemented in various psychometric
problems. Among them are test equating (more specifically, smoothing the
observed-score distribution, see Kolen & Brennan, 2004, pp. 75–77), estimating
psychometric properties such as reliability and conditional standard errors of
measurement (Kolen, Hanson, & Brennan, 1992), and estimating classification
consistency and accuracy (Huynh, 1976; Hanson & Brennan, 1990; Lee, Hanson,
& Brennan, 2002).

The models discussed in the previous paragraph are limited to tests that
consist of dichotomously-scored items. A strong true-score model is presented
in this paper, which can effectively deal with polytomously-scored items. The
Dirichlet-multinomial model presented in the next section can be viewed as a
multivariate version of the two-parameter beta-binomial model (Keats & Lord,
1962). Note that the Dirichlet-multinomial distribution was originally derived
by Mosimann (1962). The model is presented first, followed by estimation proce-
dures. Illustrations of the model in three psychometric applications then follow.

2 The Dirichlet-Multinomial Model

We shall consider a test that consists of n polytomously-scored items. Each
item is scored as one of k possible score points, c1, c2, . . . , ck. It is assumed
that n items are drawn at random from an undifferentiated universe of such
items. Let (π1, π2, . . . , πk) denote true proportions of items scored c1, c2, . . . , ck.
Note that π1 + π2 + · · ·+ πk = 1. Let X1, X2, . . . , Xk represent category scores,
which indicate the observed numbers of items scored c1, c2, . . . , ck such that
X1 + X2 + · · ·+ Xk = n. It is here assumed that the conditional distribution of
the random variables X1, X2, . . . , Xk given π = {π1, π2, . . . , πk} is a multinomial
(Lee, 2005a; Mosimann, 1962):

h(x1, . . . , xk | π) =
n!

x1!x2! · · ·xk!
πx1

1 πx2
2 · · ·πxk

k . (1)

Without loss of generality, the πi and xi in Equation 1 are person-level variables.
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Now we assume that the true category-proportion scores are random vari-
ables, Π1,Π2, . . . ,Πk, which follow a Dirichlet distribution:

g(π1, . . . , πk;α1, . . . , αk) =
Γ
(

k∑
i=1

αi

)
k∏

i=1

Γ(αi)
πα1−1

1 πα2−1
2 · · ·παk−1

k , (2)

where the α parameters are greater than zero. Equation 2 is called the multi-
variate β-distribution by Mosimann (1962).

It can be shown that the marginal distribution of X1, X2, . . . , Xk for the
entire population is

f(x1, . . . , xk) =
n!
[
Γ
(

k∑
i=1

αi

)][
k∏

i=1

Γ(xi + αi)
]

[
k∏

i=1

xi!
] [

k∏
i=1

Γ(αi)
] [

Γ
(

n +
k∑

i=1

αi

)] . (3)

Equation 3 is referred to here as the Dirichlet-multinomial distribution. It
is sometimes called the compound multinomial, multivariate binomial-beta,
or negative multivariate hypergeometric distribution by different authors (see
Johnson & Kotz, 1969).

Suppose the total score Y is represented by the sum of the item scores:
Y = c1X1 + c2X2 + · · · + ckXk. Given the probabilities of occurrence of
X1, X2, . . . , Xk, the density of Y can be determined. Since there are multi-
ple combinations of values of X1, X2, . . . , Xk that lead to a particular y value,
the distribution of Y is:

t(y) =
∑

c1x1+c2x2+···+ckxk=y

f(x1, . . . , xk), (4)

where the summation is over all the values of X1, X2, . . . , Xk such that c1x1 +
c2x2+· · ·+ckxk = y. The conditional total-score distribution is similarly defined
as:

t(y |π) =
∑

c1x1+c2x2+···+ckxk=y

h(x1, . . . , xk |π). (5)

In the multinomial error theory (Lee, 2005a), any test of n items is concep-
tualized as a random sample from a large pool (or universe) of such items. Each
examinee in the population is presumed to be able to get certain proportions of
items in the universe scored c1, c2, . . . , ck designated π = {π1, π2, . . . , πk}. This
is much the same as an urn-sampling model, in which there are a large (or infi-
nite) number of balls in a multinomial urn, and the proportions of c1, c2, . . . , ck

balls are π1, π2, . . . , πk. Parallel test forms are conceptualized as samples of
n items drawn at random from the urn. This sampling model gives rise to a
multinomial distribution. This multinomial distribution for a particular set of πi

values is the conditional distribution of errors due to the form differences. When

2



Lee, Wang, Kim, and Brennan A Strong True-Score Model

the conditional multinomial distribution is integrated over the distribution of Πi,
the resultant marginal category-score distribution is the Dirichlet-multinomial
distribution. Both the conditional and marginal category-score distributions
can be transformed to the total-score (Y ) metric.

3 Estimation

Using the moments of the Dirichlet-multinomial distribution, it can be shown
that

E(Xi) =
nαi

k∑
i=1

αi

, (6)

σ2(Xi) = nE(Πi)[1 − E(Πi)]


n +

k∑
i=1

αi

1 +
k∑

i=1

αi

 , (7)

and

σ(XiXj) = −nE(Πi)E(Πj)


n +

k∑
i=1

αi

1 +
k∑

i=1

αi

 , (8)

where E is the expectation operator. It is also known that the variance and
covariance for the multinomial variables conditional on π1, π2, . . . , πk are

σ2(Xi |π) = nπi(1 − πi), (9)

and
σ(XiXj |π) = −nπiπj . (10)

If the parameters of the multinomial distribution, πi, are fixed to E(Πi),
Equations 7 through 10 give the following result:

Σd =


n +

k∑
i=1

αi

1 +
k∑

i=1

αi

Σm = CΣm, (11)

where Σd and Σm are the variance-covariance matrix of the Dirichlet-multinomial
and multinomial distribution, respectively. Then, it follows, in terms of deter-
minants, that

|Σ∗
d| = Ck−1 |Σ∗

m|, (12)

where Σ∗
d and Σ∗

m denote the variance-covariance matrices of the first k − 1
variables, which is required to avoid having singular matrices.

3
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Let Σ̂
∗
d and Σ̂

∗
m be consistent estimators of Σ∗

d and Σ∗
m. Further let x̄i

denote the sample mean observed number of items scored ci. The constant, C,
can be estimated using Equation 12 in terms of estimators as:

Ĉ =

(
|Σ̂

∗
d|

|Σ̂
∗
m|

)1/(k−1)

. (13)

For Σ̂
∗
m, σ̂2(Xi | π) = [x̄i(n − x̄i)]/n, and σ̂(XiXj | π) = −x̄ix̄j/n can be

used. For Σ̂
∗
d, the sample variances, σ̂2(Xi), and covariances, σ̂(XiXj), are

used. Then, from Equation 11,
∑k

i=1 α̂i is computed by

k∑
i=1

α̂i =
Ĉ − n

1 − Ĉ
. (14)

The individual α̂i values are then estimated using the first moment of the
Dirichlet-multinomial distribution (i.e., Equation 6). Setting x̄i equal to its
expected value gives the following k equations:

x̄i =
nα̂i

k∑
i=1

α̂i

. (15)

Solving the k equations in Equation 15 provides unique solutions to individual
α̂i parameter estimates.

It is evident from Equation 13 that the constant C is estimated based on
k − 1 variables. As Mosimann (1962) noted, C can also be estimated using any
one of the k variables. Note that Equation 13 can be expressed in terms of
estimators as:

σ̂2(Xi) =
[
x̄i(n − x̄i)

n

]
Ĉ. (16)

It follows that

Ĉ =
nσ̂2(Xi)

x̄i(n − x̄i)
. (17)

Equation 17 clearly shows that Ĉ can be determined from the sample mean and
variance of a single variable. Thus, there are k + 1 possible sets of estimates of
C—i.e., using each of k variables and using all variables simultaneously. Since
the effectiveness of these estimates is currently not known, it would be wise to
compute all of them and choose the one that gives the best results depending
upon the purpose of the data analysis. The Appendix provides moments of the
beta-binomial distribution when there are only two score categories.

4 Applications of the Model

This section deals with three potential applications of the Dirichlet-multinomial
model in practice: smoothing the observed-score distribution, estimating con-
ditional standard errors of measurement (SEMs) and reliability, and estimating
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classification consistency and accuracy indices. All results are computed for
both raw and scale scores. The results of several real data examples are pre-
sented in a later section of this paper.

4.1 Smoothing Observed-Score Frequency Distribution

The smoothed observed-score distribution can be used for various purposes. One
such example would be test score equating (Kolen & Brennan, 2004). Assuming
the sample size for the data available is sufficiently large, the α parameters of
the model can be estimated as discussed in the previous section. Then, there
are at least two different ways of obtaining the marginal score distribution.

First, the estimated parameters, α̂i, are substituted for the parameters in
Equation 3 to compute f̂(x1, . . . , xk) for all possible combinations of x1, x2, . . . , xk

values. Then, the total-score distribution, t̂(y), can be computed using Equa-
tion 4. Alternatively, once the distribution of Πi is determined from the esti-
mated α parameters (see Equation 2), a large random sample of true category-
proportion scores can be drawn from the distribution. The conditional total-
score distribution for each individual is computed using Equations 1 and 5. The
marginal fitted total-score distribution is then computed by taking the average
of the conditional distributions over all individuals in the sample. The second
approach is employed in this paper. With a sufficiently large sample size, the
two approaches would produce similar results.

4.2 Estimating Conditional SEMs and Reliability

Reliability and conditional standard errors of measurement (SEMs) are im-
portant psychometric properties of test scores. It is shown in this section
that the Dirichlet-multinomial model can be used to estimate reliability and
conditional SEMs for total (raw) scores and transformed scale scores. Let
τ = c1π1 + c2π2 + · · · + ckπk denote true score. The marginal distribution of
the total scores (i.e., Equation 4), which can be expressed in terms of the con-
ditional total-score distribution and the true-score distribution (Lord, 1965), is
given by:

t(y) = Pr(Y = y) =
∫ ∞

−∞
Pr(Y = y |τ)u(τ)dτ, (18)

where u(τ) is the distribution of τ , and Pr(Y = y |τ) = t(y |τ) is the conditional
error distribution, which is the same as Equation 5 except that the conditioning
variable τ is a function of individual πi values. The marginal total-score variance
is given by

σ2(Y ) =
∑

i

i2Pr(Y = i) −

[∑
i

iPr(Y = i)

]2

, (19)

where the summations are taken over all y values specified in the space of Y .

5
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Similarly, the conditional error variance (Kolen et al., 1992; Lee, Brennan,
& Kolen, 2000) is defined by

σ2(Y |τ) =
∑

i

i2Pr(Y = i |τ) − τ2. (20)

The square root of Equation 20 is the conditional SEM for examinees with the
true score τ—more specifically, for examinees with a particular combination of
πi values that lead to the true score τ . The overall error variance for the entire
population is

σ2(EY ) =
∫ ∞

−∞
σ2(Y |τ)u(τ)dτ. (21)

A reliability coefficient is commonly defined as

ρ2(Y ) =
σ2(τ)

σ2(τ) + σ2(EY )
. (22)

Note that the error variance, σ2(EY ), estimated under the multinomial
model is absolute error variance in generalizability theory (Lee, 2005a). Thus,
the reliability coefficient estimated by the Dirichlet-multinomial model (i.e.,
Equation 22) will be a close approximation to the dependability coefficient Φ
(see Brennan, 2001, for more detailed description of the Φ coefficient).

Now suppose that the total scores are transformed to a certain type of scale
score S using a monotone non-decreasing transformation function v(Y ). The
marginal scale-score distribution is determined as

w(s) = Pr(S = s) =
∑

y:v(y)=s

t(y), (23)

where y :v(y) = s indicates that the summation is taken over all y values such
that v(y) = s. The conditional scale-score distribution, w(s |τ) = Pr(S = s |τ),
can be determined in a similar manner using t(y |τ). The conditional expected
scale score is defined as

ξ = E(S |τ) =
∑

i

iPr(S = i |τ), (24)

where the summations are taken over all s values specified in the space of S.
The conditional scale-score error variance is given by

σ2(S |τ) =
∑

i

i2Pr(S = i |τ) − ξ2. (25)

The square root of Equation 25 is the conditional scale-score SEM for examinees
with the true scale score ξ. The overall scale-score error variance for the entire
population is

σ2(ES) =
∫ ∞

−∞
σ2(S |τ)u(τ)dτ. (26)
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A reliability coefficient for scale scores can be defined as

ρ2(S) =
σ2(ξ)

σ2(ξ) + σ2(ES)
. (27)

Equation 27 can be viewed as a dependability coefficient for scale scores.

4.3 Estimating Classification Consistency and Accuracy

The strong true-score theory models for dichotomous items (Keats & Lord, 1962;
Lord, 1965) have been used successfully for estimating classification consistency
and accuracy (Huynh, 1976; Hanson, 1991; Hanson & Brennan, 1990; Lee et al.,
2002). For tests that consist of polytomously-scored items, only a few proce-
dures have been reported (Woodruff & Sawyer, 1989; Livingston & Lewis, 1995;
Brennan & Wan, 2004; Lee, 2005b). The Dirichlet-multinomial model pro-
vides a theoretical framework for estimating various classification consistency
and accuracy indices for tests composed of polytomous items. The classifica-
tion consistency indices are estimated in this paper based on two hypothetical
administrations of the test.1

4.3.1 Classification Consistency

Suppose classification decisions are made based on H−1 cutoff scores, c1, c2, . . . ,
cH−1, where H is the number of classification categories. Let c0 = min(Y ) and
cH = max(Y ). The conditional bivariate distribution of the total raw scores,
Y1 and Y2, for two independent administrations is given by

Pr(Y1 = i, Y2 = j |τ) = Pr(Y1 = i |τ) Pr(Y2 = j |τ). (28)

The marginal bivariate distribution for Y1 and Y2 is given by

Pr(Y1 = i, Y2 = j) =
∫ ∞

−∞
Pr(Y1 = i |τ) Pr(Y2 = j |τ)u(τ)dτ. (29)

The probability of consistent classification for each category, ph (h = 1, . . . ,H),
can be computed by

ph = Pr(c(h−1) ≤ Y1 < ch, c(h−1) ≤ Y2 < ch)

=
ch−1∑

i=c(h−1)

ch−1∑
j=c(h−1)

Pr(Y1 = i, Y2 = j). (30)

Note that Equation 30 assumes integer scores for Y1 and Y2, which is only
for the sake of convenience, and pH includes the upper limit cH . The overall

1Some researchers consider classification consistency indices that are computed based on
the actual data and a hypothetical (i.e., model-predicted) administration of the test (e.g.,
Livingston & Lewis, 1995; Brennan & Wan, 2004; Lee, 2005b).
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classification consistency index φ is computed by

φ =
H∑

h=1

ph. (31)

The probability of consistent classification by chance is

φc =
H∑

h=1

 ch−1∑
i=c(h−1)

Pr(Y1 = i)

 ch−1∑
j=c(h−1)

Pr(Y2 = j)


=

H∑
h=1

 ch−1∑
i=c(h−1)

Pr(Y = i)

2

, (32)

with an exception that the upper limit of the Hth category in the summations
is cH . Coefficient κ is given by

κ =
φ − φc

1 − φc
. (33)

4.3.2 Classification Accuracy

While the classification consistency indices are based on the bivariate distri-
bution of observed scores for two administrations of a test, the classification
accuracy indices are based on the bivariate distribution of the observed and
true score distributions (Lee et al., 2002). Note that the observed-score distri-
bution is discrete, while the true-score distribution is continuous.

Let λ1, λ2, . . . , λH−1 be true cutoff scores. Also let λ0 = min(τ) and λH =
max(τ). The probability of accurate classification for each category, qh (h =
1, . . . ,H), can be computed by

qh =
∫ λh

λ(h−1)

Pr(c(h−1) ≤ Y < ch |τ)u(τ)dτ

=
∫ λh

λ(h−1)

ch−1∑
i=c(h−1)

Pr(Y = i |τ)u(τ)dτ, (34)

where the Hth category includes the upper limit cH . The overall classification
accuracy index γ is given by

γ =
H∑

h=1

qh. (35)

The false positive and false negative error rates, respectively, for category h are

q+
h =

∫ λh

λ(h−1)

Pr(ch ≤ Y ≤ cH |τ)u(τ)dτ

=
∫ λh

λ(h−1)

cH∑
i=ch

Pr(Y = i |τ)u(τ)dτ, (36)

8
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and

q−h =
∫ λh

λ(h−1)

Pr(c0 ≤ Y < c(h−1) |τ)u(τ)dτ

=
∫ λh

λ(h−1)

c(h−1)−1∑
i=c0

Pr(Y = i |τ)u(τ)dτ. (37)

The overall false positive and false negative error rates are

γ+ =
H∑

h=1

q+
h , (38)

and

γ− =
H∑

h=1

q−h . (39)

If classification decisions are based on transformed scale scores using a set
of scale-score cutoffs, the exact same procedures can be used as for raw scores.
Pr(Y = i |τ) and Pr(Y = i) are replaced with Pr(S = i |τ) and Pr(S = i). Note
that the results for the raw and scale scores will be identical if the scale-score
cutoffs are determined directly from the corresponding raw-score cutoffs based
on the conversion function, v(y), and the conversion function is one-to-one at
the cutoff score points. If several raw-score values including a raw-score cutoff
convert to a single scale-score value, the results for the raw and scale scores will
not be the same (Lee, 2005b).

5 Real Data Examples

The Dirichlet-multinomial model is illustrated in three application areas dis-
cussed in the previous section using four real data sets. As a preliminary analy-
sis, the Dirichlet-multinomial model approach was applied to a test that consists
of dichotomously-scored (0 and 1) items. The results were found to be identi-
cal to those from the two-parameter beta-binomial model (Hanson & Brennan,
1990) approach, which is a special case of the Dirichlet-multinomial model when
the number of score categories is two.

The integration in the equations in the previous section may cause some
practical complexities. The approach employed in this paper to evaluating the
integrals is based on a simulation procedure. (Note that the choice of quadrature
points and weights is treated in the discussion section.) With the estimates of αi,
the Dirichlet distribution is fully defined. A large number of Dirichlet random
vectors are generated using the algorithms for the “beta method” as discussed
in Narayanan (1990). Then, the integrals are replaced by summations (divided
by N) over the random vectors. A value of N = 10, 000 was used. Note that the
sample size used in the generated sample was different from that for the actual
data.

9
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5.1 Data Sources

The first data set was obtained from a reading test that consists of 11 polyto-
mous items (n = 11), each of which is scored 0, 1, and 2 (k = 3). About 2000
examinees took the test (N = 2223). Since the original test did not have scale
scores, a pseudo conversion table was created so that the raw scores ranging
from 0 to 22 convert to 100–400 scale scores. A pseudo cutoff score was estab-
lished for two achievement levels: 17 in the raw-score metric and 340 in the
scale-score metric.

The second data set was from a mathematics test that consists of 17 poly-
tomous items (n = 17), each of which is scored 0, 1, and 2 (k = 3). The sample
size was 2300 (N = 2300). A pseudo conversion table was created so that the
raw scores ranging from 0 to 34 convert to 100–400 scale scores. Pseudo cutoff
scores were established for three achievement levels: 15 and 27 in the raw-score
metric; 200 and 360 in the scale-score metric.

The third data set was obtained from a large-scale writing assessment. The
data set contain 5000 examinees’ (N = 5000) responses to 12 items (n = 12),
each of which is rated on a 0–5 integer scale (k = 6). The raw scores ranging
from 0 to 60 are converted to integer scale scores ranging from 0 to 5. Pseudo
cutoff scores were established for three achievement levels: 33 and 57 in the
raw-score metric; 2 and 4 in the scale-score metric.

The fourth data set was from a large-scale licensure test that consists of 10
essay items (n = 10), each of which is rated on a 1–5 integer scale (k = 5). The
sample size was the smallest among the four tests (N = 650). Pseudo cutoff
scores were established for four achievement levels: 20, 30, and 40 in the raw-
score metric. An identical transformation (i.e., scale scores are the same as raw
scores) is used for computing scale-score results.

For all four tests, the cutoff scores are also treated as true cutoff scores for
computing classification accuracy indices. Figure 1 displays the raw-to-scale
score conversion functions for the four tests. Large dots on the conversion lines
indicate the cutoff scores. Note that, except for the essay test, the scale-score
cutoffs are located on the conversion functions where many raw-score points
convert to a single scale score, which would result in different classification
results for raw and scale scores.

5.2 Results

Summary statistics of the actual and fitted distributions for raw and scale scores
are presented in Table 1 for the reading test. The summary statistics include
the first four central moments, overall SEM, true-score variance, and reliabil-
ity. The second column shows the statistics for the actual data, and the third
through sixth columns exhibit the statistics for the fitted distributions with the
C parameter estimated using all k − 1 categories (i.e., Equation 13) or a single
category (i.e., Equation 17). The top portion of the table shows the raw-score
results and the bottom portion of the table panel shows the scale-score results.
The raw-score estimates of the overall SEM, true-score variance, and reliability
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for the actual data are from the output of the GENOVA program (Crick & Bren-
nan, 1983) for a generalizability theory analysis. These three statistics, σ̂(EY ),
σ̂2(τ), and ρ̂2(Y ), are identical, respectively, to the square root of absolute error
variance, universe score variance, and the dependability coefficient, which result
from using a p x i design.2 The statistics for the actual data computed based
on the traditional approach are not absolute criteria, but provide a reasonable
basis for comparison. Note that σ̂(ES), σ̂2(ξ), and ρ̂2(S), are not estimable
(NE) in the generalizability theory analysis for the actual data.

Table 1: Summary Statistics for Reading

Raw Score

Actual All Cat Cat 1 Cat 2 Cat 3

N 2223 10000 10000 10000 10000

Mean 12.41 12.42 12.41 12.40 12.22

SD 4.69 3.82 3.94 3.28 4.53

Skew -.16 -.15 -.16 -.11 -.15

Kurt 2.43 2.79 2.77 2.84 2.65

σ̂(EY ) 2.12 2.28 2.26 2.37 2.17

σ̂2(τ) 18.34 9.37 10.42 5.16 15.82

ρ̂2(Y ) .80 .64 .67 .48 .77

Scale Score

Actual All Cat Cat 1 Cat 2 Cat 3

N 2223 10000 10000 10000 10000

Mean 277.35 277.84 277.65 277.58 274.55

SD 69.31 57.29 58.94 50.02 66.99

Skew -.20 -.19 -.19 -.15 -.21

Kurt 2.27 2.56 2.56 2.60 2.49

σ̂(ES) NE 34.55 34.12 36.35 32.59

σ̂2(ξ) NE 2088.22 2309.88 1181.13 3425.40

ρ̂2(S) NE .64 .66 .47 .76

Table 1 shows that the four sets of estimates produce somewhat different
results. The estimates based on the third category appear to provide summary
statistics that are closest to the actual ones, in general. Thus, for the reading
test, the parameter estimates based on the third category are selected for both

2The results reported in GENOVA are in the mean-score metric, while those reported in
this paper are in the total-score metric. The mean-score results can be easily transformed to
the total-score metric by multiplying the variance terms by n2.
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raw and scale scores to compute conditional SEMs and classification consistency
and accuracy indices. Note, however, that the choice of estimates does not
alter the results substantially. The statistics from the selected estimation are
boldfaced in this and all subsequent tables.

The actual and fitted raw- and scale-score distributions for the reading test
are plotted in Figures 2 and 3. Consistent with Table 1, the fitted distribution
with the third category appears to provide the best fit to the actual data. The
fitted distributions with all categories and the second category do not seem to
provide an adequate fit. Note in Figure 2 that the fitted distribution with the
third category is not the smoothest one, even if it provides the best fit. If the
purpose of using the Dirichlet-multinomial model is to smooth the observed-
score distribution, the fitted distribution with the second category might be
preferred.3 However, if the purpose is to compute various psychometric prop-
erties such as conditional SEMs and classification indices, the choice would be
the estimates from the third category. The scale-score distributions shown in
Figure 3 are more irregular than the raw-score distributions due to the character-
istic of the many-to-one conversion—i.e., several raw-score points are collapsed
into a single scale-score value.

Table 2: Parameter Estimates and Variances of Category Scores for Reading

Parameter Estimates

All Cat Cat 1 Cat 2 Cat 3

α̂1 1.37 1.19 2.62 0.69

α̂2 2.66 2.33 5.11 1.35

α̂3 2.16 1.89 4.14 1.09

Variances of Category Scores

Actual All Cat Cat 1 Cat 2 Cat 3

X1 4.84 4.49 4.81 3.36 6.68

X2 4.79 6.46 6.92 4.80 9.20

X3 8.54 5.97 6.38 4.44 8.46

To further explore the functionality of estimation with different categories,
the estimated Dirichlet parameters for the reading test are summarized in Ta-
ble 2. Also displayed in Table 2 are variances of the marginal category scores
based on the actual data and those estimated based on the model (see Equa-
tion 7). The selected parameter estimates tend to be smaller than those for the
other sets. Note also that the ratio of the α̂i values is always the same across
all estimation sets. For example, α1/α2 = .515 using all categories or any one
of the three categories.

3A smoothed-line criterion may not be reasonable, however, if the observed-score distrib-
ution is not guaranteed to be smooth when N →∞.
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The means of the category scores for the actual data are always perfectly
recovered by any of the category estimations based on Equation 6, and thus not
reported in this paper. The perfect recovery of the category means is expected
from Equation 15, which shows that each individual α parameter for category i
is estimated by equating the parameter to the sample mean of the same category.
A category with a larger sample mean, therefore, is always associated with a
larger α estimate. Whereas, the variance for each category is closely recovered
only if the estimation is based on the same category. For example, the actual
variance for the first category is closest to the estimated variance when the
parameters are estimated based on the first category, etc. This is due to the fact
that the estimation with a particular category uses the first two moments (i.e.,
mean and variance) of the category (not all categories) as shown in Equation 17.
Since the estimation with all categories uses information from all categories
simultaneously, the estimated variance for each category is somewhere in the
middle of the other variance estimates based on single category estimations. In
other words, the estimation with all categories provides estimated variances that
are close to the actual ones as a whole, but not closest to any single one compared
to those based on single category estimations. Finally, note that the variance
of the marginal distribution tends to be estimated better, if estimation is based
on the category with the largest variance. For the reading test, the variance for
the third category is largest, contributing the most to the total variance, which
would lead to a better estimate of variance of the total-test scores (see Table 1).
This is not the case, however, for the writing test as discussed later, in which
the estimation based on a category associated with excessively large variance
could overestimate the variance of the total-test scores.

The estimated classification consistency and accuracy indices for the reading
test using the third category are summarized in Table 3. Note that the results
for raw and scale scores are slightly different. Although not reported in this
paper, when different categories are used for estimation, the largest difference
between the estimated φ coefficients for raw scores, for example, is .01.

Table 3: Classification Indices for Reading Using the Third Category
Raw Score Scale Score

Consistency
φ .86 .84
φc .70 .63
κ .54 .56

Accuracy
γ .90 .87
γ+ .08 .12
γ− .02 .02

Depicted in Figure 4 are estimated conditional SEMs for the reading test us-
ing the third category for estimation. The top two plots display conditional raw-
and scale-score SEMs for 10,000 examinees, and the bottom two plots show the

13



Lee, Wang, Kim, and Brennan A Strong True-Score Model

fitted conditional SEMs using a high degree (p=4) polynomial regression (more
correctly, the square root of the fitted conditional error variances). It is well
known that the conditional raw-score SEMs for dichotomous items estimated
from the binomial error model produce a smooth concave-down quadratic line.
By contrast, the estimated conditional SEMs for polytomous items estimated
under the multinomial error model show a scattered pattern, which is consistent
with the findings in a previous study (i.e., Lee, 2005a). The conditional SEMs
given a true score can vary depending upon the configuration of the item scores.

It is worth noting that the contour line of the conditional SEMs is a concave-
down quadratic curve much like the dichotomous case, and that the width of the
vertically scattered SEMs is larger in the middle. Since different combinations of
item scores give different SEM values for a particular true score, the pattern of
widths of the vertically scattered SEMs seems to be related to the pattern of the
numbers of possible item combinations that lead to a particular raw-score point
as displayed in Figure 5. The relative number of all possible item combinations
is larger to achieve total raw-score values located in the middle than in both
extremes.

In Figure 4, the conditional SEMs at true-score values near 0, 11, and 22
tend to approach zero. This is due to the fact that, under the multinomial
error model, the estimated SEM is necessarily zero when an examinee gets the
same scores for all items. Since there are 11 items scored 0, 1, and 2 for the
reading test, all 0’s, all 1’s, and all 2’s lead to a total raw score of 0, 11, and 22,
respectively. Therefore, the pattern of conditional SEMs for polytomous items
will be almost always an umbrella shape with the number of umbrella ribs equal
to the number of score categories.

The conditional scale-score SEMs show a pattern similar to that of the raw-
score SEMs, which is mainly due to an approximate linear pattern of the raw-to-
scale score transformation. From the perspectives of the delta method (Agresti,
1990), the magnitude of the approximated scale-score SEMs is proportionally
related to the degree of slope of the transformation (see also Lee, 2005a; Brennan
& Lee, 1999).

The fitted polynomial conditional SEMs can be used when it is required to
report a single SEM value at any given true score. Although the choice of the
polynomial degree requires a subjective judgment, evaluating R-square values
for several different polynomial degrees can be helpful. The fitted conditional
SEMs tend to be flat in the middle, as opposed to the bell-shaped SEMs for
dichotomous items. This is not the case for the math test, however, as discussed
next.

The summary statistics for the math test are displayed in Table 4. The
results reported in Table 4 and the fitted distributions shown in Figures 6 and
7 together suggest that the estimation with the first category be selected. Note
that the fitted raw-score distribution with the first category in Figure 6 is rather
a bumpy function.4 Depending upon the purpose of data analyses, estimation

4Currently, the reason for a bumpy fitted distribution from estimation with a particular
category is not fully understood. More investigation is needed.
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Table 4: Summary Statistics for Math

Raw Score

Actual All Cat Cat 1 Cat 2 Cat 3

N 2300 10000 10000 10000 10000

Mean 12.40 12.42 12.41 12.45 12.43

SD 5.98 4.82 6.17 4.38 5.10

Skew .19 .25 .36 .21 .28

Kurt 2.52 2.83 2.70 2.86 2.80

σ̂(EY ) 3.31 3.42 3.29 3.46 3.40

σ̂2(τ) 28.55 11.54 27.31 7.21 14.48

ρ̂2(Y ) .72 .50 .72 .38 .56

Scale Score

Actual All Cat Cat 1 Cat 2 Cat 3

N 2300 10000 10000 10000 10000

Mean 190.77 187.87 191.14 186.78 188.64

SD 65.98 55.25 68.22 50.59 58.07

Skew .71 .87 .79 .89 .84

Kurt 2.58 3.12 2.68 3.34 3.00

σ̂(ES) NE 39.90 37.43 40.49 39.53

σ̂2(ξ) NE 1460.34 3252.19 919.75 1809.86

ρ̂2(S) NE .48 .70 .36 .54

with a different category could be chosen.
The parameter estimates and variances of category scores for the math test

are shown in Table 5. As for the reading test, the selected parameter estimates
based on the first category are smallest. The variance for each category for the
actual data is almost perfectly recovered by estimation with the same corre-
sponding category. Note also that the actual variance of the first category is
largest, and the selected estimation is based on the first category as well.

The estimates of classification indices for the math test are tabulated in
Table 6. All other things being equal, the classification consistency and accuracy
indices (φ, κ, and γ) will be lower when more classification levels are involved,
which is clearly the case for the reading and math tests. The math test has
three classification categories, whereas the reading test has only two, and thus
the math test tends to provide relatively lower consistency and accuracy.

The conditional SEMs for the math test using the first category are depicted
in Figure 8. The shape of the conditional SEMs for the math test are very
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Table 5: Parameter Estimates and Variances of Category Scores for Math

Parameter Estimates

All Cat Cat 1 Cat 2 Cat 3

α̂1 9.40 3.60 15.08 7.25

α̂2 3.47 1.33 5.57 2.68

α̂3 4.65 1.78 7.46 3.59

Variances of Category Scores

Actual All Cat Cat 1 Cat 2 Cat 3

X1 13.00 7.88 13.00 6.55 8.89

X2 4.19 5.03 8.24 4.19 5.66

X3 6.97 6.19 10.23 5.16 7.00

Table 6: Classification Indices for Math Using the First Category
Raw Score Scale Score

Consistency
φ .76 .75
φc .53 .50
κ .48 .49

Accuracy
γ .82 .81
γ+ .12 .12
γ− .06 .07

similar to that for the reading test, except that, for the math test, the umbrella
ribs are shorter and sufficient data do not exist at the right extreme. The
sparse data at the right extreme is a direct consequence of the estimated true-
score distribution, which turns out to be skewed to the right. If an infinitely
large number of Dirichlet random vectors would had been used, the umbrella
ribs would get longer approaching zero and the sparseness of the data would
diminish. Even with a larger sample size, the fitted SEM functions may not
change substantially because the relative densities of SEMs across the entire
true-score range may not change.

The shape of the fitted SEMs is similar to the quadratic function of the
dichotomous-item case. Recall that the fitted SEMs for the reading test showed
a rather flat pattern. The difference between the two tests stems from the
differences in the estimated true-score distributions (or, πi parameter estimates).
Compared to the raw-score results, the scale-score results show relatively larger
conditional SEMs in the middle due to the large slope of the transformation
in the middle as shown in Figure 1. Note also that the fitted scale-score SEM

16



Lee, Wang, Kim, and Brennan A Strong True-Score Model

function drops down to zero around the true scale score of 360, which appears to
be caused by the sparseness of data at the right extreme. The same observation
is made for the fitted raw-score SEMs for the two tests discussed next.

The summary statistics for the writing test are presented in Table 7. Since
items in the writing test have six score categories, there are seven possible sets
of estimates. For this test, choosing a set of estimates is a difficult task. In
fact, most estimates seem to differ substantially from the statistics based on
the actual data. In particular, compared to the generalizability theory results,
the estimated overall SEMs are too large and the estimated true-score variances
are too small, which, in turn, results in too small reliability estimates. The
relatively inferior estimates for the writing test seem to be due to the “large”
number of score categories (k = 6). Careful evaluation of both the summary
statistics and fitted distributions exhibited in Figures 9 and 10 led to the choice
of the estimates using the fifth category to compute conditional SEMs and
classification indices.

Table 7: Summary Statistics for Writing

Raw Score

Actual All Cat Cat 1 Cat 2 Cat 3 Cat 4 Cat 5 Cat 6

N 5000 10000 10000 10000 10000 10000 10000 10000

Mean 37.74 34.39 34.59 33.33 29.22 34.42 33.67 35.25

SD 8.10 7.35 7.11 8.37 11.68 7.33 8.04 5.90

Skew -.43 -.33 -.31 -.29 -.19 -.33 -.32 -.29

Kurt 2.77 3.61 3.60 3.46 2.82 3.61 3.50 3.62

σ̂(EY ) 2.15 3.88 3.87 3.95 3.95 3.87 3.93 3.76

σ̂2(τ) 61.81 39.02 35.58 54.36 120.90 38.68 49.18 20.68

ρ̂2(Y ) .93 .72 .70 .78 .89 .72 .76 .59

Scale Score

Actual All Cat Cat 1 Cat 2 Cat 3 Cat 4 Cat 5 Cat 6

N 5000 10000 10000 10000 10000 10000 10000 10000

Mean 2.86 2.58 2.60 2.49 2.16 2.58 2.52 2.65

SD .70 .68 .66 .76 1.01 .68 .73 .57

Skew -.17 -.29 -.29 -.24 -.15 -.29 -.27 -.37

Kurt 2.94 3.25 3.22 3.25 2.75 3.25 3.26 3.01

σ̂(ES) NE .43 .43 .43 .43 .43 .43 .43

σ̂2(ξ) NE .28 .25 .38 .83 .60 .35 .15

ρ̂2(S) NE .60 .58 .67 .82 .55 .65 .45
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Implicit in Table 7, the fitted distributions, especially for raw scores, do
not seem to provide adequate fits. Except for the third category, the fitted
distributions are very similar to each other. Note that the results from using
the 6th category are not shown in the figures.

Table 8: Parameter Estimates and Variances of Category Scores for Writing

Parameter Estimates

All Cat Cat 1 Cat 2 Cat 3 Cat 4 Cat 5 Cat 6

α̂1 0.02 0.02 0.01 0.00 0.02 0.01 0.03

α̂2 0.04 0.04 0.03 0.01 0.04 0.03 0.07

α̂3 0.84 0.92 0.57 0.22 0.85 0.64 1.50

α̂4 1.59 1.74 1.09 0.42 1.61 1.22 2.85

α̂5 1.03 1.13 0.71 0.27 1.04 0.79 1.85

α̂6 0.24 0.26 0.16 0.06 0.24 0.18 0.42

Variances of Category Scores

Actual All Cat Cat 1 Cat 2 Cat 3 Cat 4 Cat 5 Cat 6

X1 0.15 2.17 1.98 3.25 8.96 2.14 2.89 1.19

X2 0.52 2.55 2.35 3.73 8.80 2.53 3.29 1.47

X3 13.57 6.40 6.03 8.16 14.24 6.34 7.51 4.76

X4 9.65 9.33 8.89 11.22 15.36 9.27 10.64 6.92

X5 9.17 6.70 6.47 7.62 9.23 6.68 7.34 5.27

X6 1.72 3.00 2.81 3.93 6.77 2.98 3.58 1.91

Table 8 displays the parameter estimates and variances of category scores
for the writing test. All the parameter estimates for the writing test tend to
be very small. Except for the estimates based on the third category that are
relatively too big, the estimates based on other categories appear to be similar
to each other, which is consistent with the observation made in Figure 9 in terms
of the fitted distributions. The estimated variance for each category is close to
the actual one when estimated based on the same corresponding category, in
general. However, the estimated variances for X1 and X2 based on the first and
second category estimation, respectively, substantially differ from the actual
ones. This appears to stem from the lack of frequency data for the first two
categories. A larger sample size would be required in order to have sufficient
frequencies for all category scores. Doubled with the data sparseness for lower
categories, the unduly large variance for the third category seems to be the
cause of the relatively poor fits of the marginal distribution. Even with the
estimates based on the third category does not produce the best fitted marginal
distribution. Recall that for the reading and math tests, the estimates based

18



Lee, Wang, Kim, and Brennan A Strong True-Score Model

on the category associated with the largest variance produced the best fitted
distribution.

Table 9 summarizes the estimated classification indices for the writing test
using the fifth category. One interesting observation is that the scale-score φ is
larger than the raw-score φ. It is often stated that reliability for scale scores is
lower than that for raw scores when the number of the scale-score points is less
than that of the raw-score points (Kolen et al., 1992), which is also confirmed
with the current example as shown in Table 7. However, the φ coefficient for
scale scores is not necessarily lower than that for raw scores. The lower value of
κ and the higher value of φc for scale scores are consistent with the convention
though.

Table 9: Classification Indices for Writing Using the Fifth Category
Raw Score Scale Score

Consistency
φ .79 .87
φc .51 .77
κ .56 .46

Accuracy
γ .84 .82
γ+ .09 .17
γ− .07 .01

The conditional SEMs for the writing test using the fifth category are plotted
in Figure 11. As discussed previously, the conditional SEMs show an umbrella
shape with six ribs approaching zero. The sparseness of data is found in both
ends of the score scale, but more sparseness in the right end. The fitted scale-
score SEM function tends to be very flat.

Table 10: Summary Statistics for Essay

Raw Score

Actual All Cat Cat 1 Cat 2 Cat 3 Cat 4 Cat 5

N 650 10000 10000 10000 10000 10000 10000

Mean 32.05 32.01 31.38 32.02 32.06 32.02 32.04

SD 6.51 4.58 5.55 4.66 3.87 4.58 5.04

Skew -.39 -.11 -.12 -.11 -.07 -.11 -.12

Kurt 2.70 2.99 2.97 3.00 2.93 2.99 3.01

σ̂(EY ) 3.35 3.69 3.66 3.67 3.77 3.69 3.61

σ̂2(τ) 32.01 7.37 17.37 8.25 .76 7.37 12.40

ρ̂2(Y ) .74 .35 .56 .38 .05 .35 .49
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The summary statistics for the essay test are contained in Table 10, and the
actual and fitted raw-score distributions are shown in Figure 12. Note that only
raw-score results are provided for the essay test. Except for the mean statistic,
the other summary statistics based on the estimation procedures are somewhat
different from those based on the actual data. This again appears to be asso-
ciated with the number of score categories, which is five in this example. The
underestimate of true-score variance seems to be the most salient problem. The
fitted distributions are all smooth, and the one with the first category appears
to provide a relatively better fit. Thus, estimation with the first category is
used for further computation.

Table 11: Parameter Estimates and Variances of Category Scores for Essay

Parameter Estimates

All Cat Cat 1 Cat 2 Cat 3 Cat 4 Cat 5

α̂1 1.89 0.72 1.68 19.64 1.89 1.10

α̂2 3.07 1.16 2.72 31.83 3.07 1.78

α̂3 5.69 2.15 5.04 59.00 5.69 3.30

α̂4 4.81 1.82 4.26 49.85 4.81 2.79

α̂5 2.91 1.10 2.58 30.19 2.91 1.69

Variances of Category Scores

Actual All Cat Cat 1 Cat 2 Cat 3 Cat 4 Cat 5

X1 1.97 1.36 2.37 1.41 0.97 1.36 1.63

X2 2.12 2.05 2.91 2.13 1.45 2.05 2.47

X3 2.24 3.13 4.52 3.25 2.24 3.13 3.80

X4 2.83 2.83 4.03 2.94 2.02 2.83 3.42

X5 2.36 1.94 2.75 2.02 1.40 1.94 2.35

Table 11 presents the parameter estimates and variance of category scores
for the essay test. For the essay test, almost the same observations can be
made as for the other tests. The parameter estimates for the essay test using all
categories versus the fourth category appear the same, but they are equal only
up to the second decimal place. The estimated variance for the first category
based on the estimation with the first category is dissimilar to the corresponding
actual variance, which is, as discussed previously, due to sparse frequency data
for the first category. Estimation based on the third category tends to yield
estimates that are most dissimilar to those based on different categories, which
is reflected in the fitted distributions in Figure 12.

The classification results for the essay test using the first category are sum-
marized in Table 12. Since the number of classification categories is largest
among the four tests (H = 4), the consistency and accuracy for the essay test
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Table 12: Classification Indices for Essay Using the First Category
Raw Score

Consistency
φ .63
φc .46
κ .32

Accuracy
γ .16
γ+ .00
γ− .83

tend to be lower.
Depiceted in Figure 13 are the conditional SEMs for the essay test using

the first category. For this example, the conditional SEMs do not show a clear
umbrella shape anymore. It might be that the actual data do not contain many
examinees with the same item scores for all ten items, which supposedly would
influence the estimation procedure. The fitted SEM function tends to be flat in
the middle, and there is clear evidence of data sparseness at both extremes.

6 Discussion

Due to the current popularity of various innovative item types, which typically
are scored polytomously, there is a high demand for theory and methodologies
that can effectively deal with multiple item-score categories. The present paper
provides a strong true-score model that can be used with test scores based on
polytomously-scored items. The Dirichlet-multinomial model can be viewed as a
multivariate extension of Keats and Lord’s (1962) two-parameter beta-binomial
model. If items have only two score categories, the Dirichlet-multinomial model
reduces to the two-parameter beta-binomial model. Under the strong-true score
theory presented in this paper, errors conditional on true score are assumed to
be distributed as multinomial, true category-proportion scores are assumed to
be a Dirichlet distribution, and the marginal category scores are the Dirichlet-
multinomial distribution.

The Dirichlet-multinomial model was applied to four different real data sets
in three applications, which are likely to be the areas in which the model might
be used routinely: (1)obtaining a smoothed fitted observed-score distribution,
(2) estimating conditional standard errors of measurement for both raw and
transformed scale scores, and (3) estimating classification consistency and accu-
racy indices for raw and scale scores. All statistics were successfully estimated
for all four tests. The computation time using a random sample of 10,000
Dirichlet deviates was less than five minutes for all cases. It was found that
estimation can be poor when the number of score categories for each item is
large, say, greater than five. For the reading and math tests that consist of
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items with three score categories, estimation seemed to work fairly well. It is
likely that a larger sample size is required as the number of categories increases
to gain accurate parameter estimates. A comprehensive simulation study would
be necessary to study this.

It was noted that the means of all category scores are always perfectly re-
covered by estimation based on all categories or any one of them. It was also
demonstrated that estimation based on a single category tended to fit variance
of the corresponding category scores only, while estimation based on all cate-
gories tended to fit, on average, variances for all category scores. The use of all
categories simultaneously in estimation appears to be most appealing, at least
theoretically. However, the real data analyses employed in this paper revealed
that various statistics, such as the moments for actual data, fitted marginal dis-
tributions, and variance components estimated using a generalizability theory
analysis, would need to be examined in choosing a category for estimation.

The procedure employed in this paper for estimating the true-score distrib-
ution involved drawing a large sample of Dirichlet variables. There exist several
different algorithms for generating Dirichlet deviates. Following the recommen-
dations listed in Narayanan (1990), a generating procedure called the “beta
method” was used in this paper, which is known to be efficient in terms of
computation time when the α parameters are larger than 1.0 and the number
of score categories is large. As another alternative to the random sampling
approach, quadrature points and weights (Press, Teukolsky, Vetterling, & Flan-
nery, 1992) could be used. For example, estimation might proceed as follows:
(1) estimate αi parameters to compute ĝ(π1, . . . , πk); (2) determine, say 10,
equally-spaced quadrature points for each of the πi parameters; (3) go through
10k combinations of πi values to find those combinations that satisfy the condi-
tion π1+π2+· · ·+πk = 1; (4) for each πi combination that satisfies the condition,
compute statistics conditional on πi as well as the density of the combination
using ĝ(π1, . . . , πk); and (5) compute marginal statistics by replacing integrals
with summations.

In estimating reliability, the formula employed the overall error variance in
the numerator and the sum of the error and true-score variances in the denom-
inator. Both of the error and true-score variances were estimated based on the
model. The resultant reliability estimate is a close approximation to the de-
pendability coefficient. Alternatively, the sample variance could be used in the
denominator. One problem with the use of the sample variance, however, is
that the sources of errors in the numerator and denominator will be different.

The fitted observed-score distributions reported in this paper were computed
based on a Dirichlet random sample. The marginal observed-score distribution
can also be computed using Equation 3 by replacing αi parameters with es-
timates. When a sufficiently large sample size is used, these two approaches
should produce similar results. Advantages of using a random sample for com-
puting the fitted observed-score distribution include that it is computationally
less burdensome, especially when the number of score categories is large, and
that it is consistent with the other statistics computed based on the model.
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A Moments of the Beta-Binomial Distribution

When k = 2 (0 and 1 with 1 being the second category), the Dirichlet-multinomial
model reduces to the two-parameter beta-binomial model with parameters α and
β. From Equations 6 and 7, the moments of the two-parameter beta-binomial
model for the number-correct category are given by

E(X) =
nβ

α + β
, (40)

and

σ2(X) =
[
n + α + β

1 + α + β

]
nE(Π)[1 − E(Π)]. (41)

The first two moments of the beta distribution are

E(Π) =
β

α + β
, (42)

and
σ2(Π) =

αβ

(1 + α + β)(α + β)2
. (43)

Thus, Equation 41 can be rewritten as

σ2(X) =
[
n + α + β

1 + α + β

] [(
nβ

α + β

)(
1 − β

α + β

)]
=

nαβ(n + α + β)
(1 + α + β)(α + β)2

. (44)

From Equation 43, the true-score variance in the total-score metric is given by

σ2(τ) =
n2αβ

(1 + α + β)(α + β)2
. (45)

From Equation 41, an estimator of σ2(X) is

σ̂2(X) =
[
n + α + β

1 + α + β

] [
x̄(n − x̄)

n

]
, (46)

where x̄ is the mean total score over all examinees in the sample. The term,
x̄(n − x̄)/n, in Equation 46 is the biased error variance for an examinee with
total score of x̄ as an estimate of E(Π).
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Figure 1: Raw-to-scale score Transformation Functions
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Figure 2: Actual and Fitted Raw-score Distributions for Reading
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Figure 3: Actual and Fitted Scale-score Distributions for Reading
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Figure 4: Conditional SEMs for Reading Using the Third Category
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Figure 6: Actual and Fitted Raw-score Distributions for Math
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Figure 7: Actual and Fitted Scale-score Distributions for Math
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Figure 8: Conditional SEMs for Math Using the First Category
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Figure 9: Actual and Fitted Raw-score Distributions for Writing
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Figure 10: Actual and Fitted Scale-score Distributions for Writing
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Figure 11: Conditional SEMs for Writing Using the Fifth Category
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Figure 12: Actual and Fitted Raw-score Distributions for Essay
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Figure 13: Conditional SEMs for Essay Using the First Category
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